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It is generally admitted that there are very few books, if 
any, published on the Calculus which are suitable for the 
requirements of engineering students.' 

There are many excellent works on the subject, but, 
unfortxmately, most of them are too advanced, and contain 
more matter of a purely mathematical character than the 
average engineering student requires. It has, therefore, 
beenmy aim in writing this book to put before the student 
as much, as space will permit, of the subject as he may 
require in actual practice. I have endeavoured to present 
the matter in as simple and practical a manner as possible, 
illustrating each part by examples fully worked out. 

To Professor J. Perry, M.E., D.Sc., F.E.S., I am entirely 
indebted for the greater number of the practical problems 
and examples, and also for the practical way in which 
Fourier's Expansion is treated. His lines of teaching have 
been adopted as far as the subject is treated, although justice 
may not have been done to his methods. 

In compiling this treatise I have consulted the works of 
Boole, Todhunter and Williamson. 

My thanks are due to my colleagues and friends for 
valuable assistance rendered by way of checking examples, &c. 

Hints or suggestions by the reader will be considered a 
favour. 

J. GEAHAM. 

Teohnioal College, Fiksbuby: 
March 1896. 
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CHAPTER L 

Aet. I. — Function. 

When two quantities are so related tliat if one xindergoes 
any change in value the other undergoes a corresponding 
change, one of the quantities is said to be a function of the 
other. For instance, the area of a triangle, of constant 
height, varies directly as its base; therefore its area is a 
function of its base. The intensity of light varies inversely 
as the square of the distance, and we say that the intensity 
is a function of the distance. The surface of a sphere varies 
directly as the square of its diameter ; therefore its surface 
is a function of its diameter. 

Any analytical expression involving a variable quantity 
is said to be a function of that variable. 

The algebraic expressions — a?, oj + a, Sa? — 4, x^, asc^ -{-h, 

Cb -\- X 

(x — c)^ fj €^ — a;^, rr , are all algebraic functicma of ar. 

The expressions, sin x, cos x, tan x, log x, e*, a ef", are said 
to be transcendental functions of x ; since they do not admit of 
being expressecLin finite terms. j^it^goioia 

Functions are usually denoted by prefixing one of the 
characters /, 4>, \j/, &c., to the variable. Thus f (x), <^ (x), 
\j/ (x), &c., may represent functions of the variable x. For 
instance, instead of 8 .7;?,..^^^4 a; + 9, we may denote this 
expression by / (a;). 

~c — B 
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Art. 2. — Relation between Function and Variable. 
Let us take, for example, tlie function z-. If we assign to 



X any numerical value the function will have a corresponding 
value. 

Let us assign to x the values 1, 2, 3, 4, &c., then the 

function -— will have the values '2, '8, 1*8, 3*2, &c., 
5 

respectively. 

The student will observe that as x increases from 1 to 2 
the function is thereby increased from '2 to '8, and as x 
increases from 2 to 3 the function is increased from * 8 to 1 * 8, 
and as x increases from 3 to 4 the function is increased from 
1-8 to 3-2. 

Observe that as x increases by equal and finite increments 
the function does not increase by equal increments, but the 
increase of the function depends upon the assigned value of 
a;, from which it is supposed to increase. 

In the above function, as x increases the increment of the 
function is positive ; but the increment of a function may be 
positive, negative, or zero, depending upon the form of the 
function and also upon the assigned value of x. 

a^ I In the diflferential calculus we investigate the change 

^ ' which a function undergoes when the variable upon which 
it depends is increased by an indefinitely small quantity; 
and the practical utility of the subject depends upon the 
degree of rapidity with which the function varies when the 
variable upon which it depends varies from some assigned 
value. 

In the example under consideration x is called the inde^ 
« /^ j^dent variable, and the functioa^^the dependent variable ; 



r ^ because the value of the functioni^depends upon whatever 
value we assign to x. 
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Abt. 3.— Representation of Fonotions and 
Differential Coefficients. 

In Fig. 1, P Q is a curve, whose equation is y = | a?*, 
showing the relation between the y 
function y and the variable x. 

Distances along X represent the 
variable a;, and distances along OY 
the function y. 

At the point P, « = 4, and y = — , 

o 



>j 



i> 



Q,x = 6, 



» 



36 




Whilst X increases from 4 to 6 the 
function y is increased from 3^ to 7^ 
that is, if increment of a; is 2 the increment of the function 
is 4; therefore 

Increment of y _ 4 
Increment of as "" 2 ' 

where the increment of x is finite. 

Again, on referring to the curve, supposHftg-P fixed, and 
let Q gradually move indefinitely near to P, the line P Q will 
turn about P ; consequently 

Increment of y 
Increment of x 

will continually vary until Q is indefinitely near to P, and 

when Q and P are indefinitely near the straight line drawn 

through them is a tangent to the curve O P Q, and for that 

position of the line through P Q, the increment of y, Q B, and 

the increment of a;, PB, are indefinitely small. Denoting 

these values of Q B and Frhydy and d x respectively, we 

d y 
have -=— = tangent of the inclination of the curve P Q, at 

the point P, to the axis of X. 

B 2 



K 
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This ratio j-^, or increment of function, y, to increment 

of variable, a?, when the increment of x is indefinitely small, 
is called the differential coefficient of the function with respect 
to the variable or first derived function. It is obvious that the 
value of this ratio depends upon the position of the point P 
on the curve. 

Another way of expressing a differential coefficient is as 
follows. 

Let y = / (a?), and suppose x to receive an indefinitely 
small increment, d x, and in consequence let the increment 
ofyhedy; therefore 



Hence 



dy - f{x + dx) -f(x). 

dy f(x + dx) —/(a?) 

dx ~~ dx 



A differential coefficient may also be illustrated in the 
following way. 

Suppose a railway train to run from one town to another 
60 miles distant, in 2 hours, its average velocity is 25 miles 

an hour ; but during an hour 
its velocity at one time may 
be at the rate of 50 miles an 
hour or more, and at another 
time it may be 5 miles an 
hour, or 0, if it comes to rest. 
If we plot time t horizontally 
and distance « vertically, the 
distance being when the 
time is 0, the slope of the 
curve at any point will re- 
present the true velocity at that instant. For let «, denote 
the space passed over in t, seconds, and 8„ the space passed 
over in <„ seconds, then s, = v t, and s,, = v <„ where v 
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is the average velocity ; therefore, by subtracting, we 
have 

or 

If we make the difference between <„ and t, indefinitely 
small, and consequently the difference between «,, and 8, 
indefinitely small, we have 

ds 

'' = Te 

where ds = 8„ -^ «„ and dt=tf^^t^; that is, the velocity at 
any instant is the rate at which distance increases as time 
increases, or it is the slope of the curve. Similarly, an 
acceleration a may be shown to be 

dv 
that is, 

'^''\Ttf\dt)''d7^' 

Hence an acceleration is the rate at which a velocity 
increases as time increases, or rate of change of slope. 



Art. 4. — ^Differentiation 

is the process of finding the differential coefficient of a func- 
tion. 

We proceed to illustrate this process by means of a few 
examples. 

(1.) Let 

y = -^ («) 

Suppose X to receive a finite increment which we shall 
denote by 8 oj (here 8 io is equivalent to P E in Fig. 1). and 



6 
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in Gonsequenoe l^t y become y + Sy (here iyia equivalent ta 
Q B in Fig. 1) ; therefore 

, + s, = &±!£l' o» 

Subtracting (a) from (6) we get 

2 1 

o 

Now suppose 8 a; to get smaller and smaller until it be- 
comes indefinitely smalL (This is equivalent to the point 
Q moving along the curve in Fig. 1, until it approaches in- 
definitely near to P), and let this value be denoted by d «, 
and let the corresponding value of 8 y be denoted by dy. 

Then dy = lxdx + the square of an indefinitely smaU 

quantity, which may be neglected. 



• • 



dy = -xdx (c) 



The student may here ask, why has the square of an in- 

2 
definitely small term been neglected, when the term -rxdx^ 

which is also indefinitely small, has 
not been neglected? In answer to 
this, let us consider the portion of 
the curve between P and Q, when the 
distance between these points is, say, 
one-millionth of an inch, and let this 
distance be magnified one million 
times. 

In Fig. 3, P S is a portion of the 
tangent to the curve at the point P, 
E Q representing the true value of 8 y, and E S repre- 
senting its value when the aforesaid term is neglected. 
Now suppose the distance P Q to become indefinitely small, 
it is obvious that the distance Q S will in consequence 
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become indefinitely small in comparison with B S, tliat is, d y, 

which is also indefinitely small. 

2 

In equation (c) dy or its equivalent - ii; e7a; is called the 

o 

differential of the function, and is always an indefin itely 
small quantity, since one of its factors, namely, the increment 
of the independent variable, is infinitely small. 
Divide both sides of equation (c) by d x, 

dy 2 ,^. 

.'. ■^=:-^x (d) 

dx 5 ^ 

2 . x^ 

That is, T » is the differential coefficient of — , and its value 

depends on whatever value we assign to x. 

The student should remember the distinction between 
differential and differential coefficient^ the former being always 
infinitely small; the latter may have any value, since it 
represents the tangent of an angle. 

If we substitute 4 for x, in equation (d)^ we get 

dy 2 , S 
dx 5 5* 

On referring to Fig. 1, we find that the tangent to the 

curve, at the point F, whose abscissa is 4, makes an angle 

g 
with the axis of X, whose tangent is -. 

(2.) Let 

/(«), or y = 2 a? + 7, . . . . (a) 

and suppose x increased by an indefinitely small quantity Jo;, 
and let the corresponding change in the function, or y, be 
denoted by dy. Then 

y + dy=:2(x + dx)'^7. . . . (6) 

Subtracting (a) from (6) we have 

.-. dy ^2 (x + dx) + 7 -2a;-7 = 2(iaj. 

dy 
dx 
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The equation y = 2 « + 7 represents a straight line in- 
clined to the axis of X, at an angle whose tangent is 2. 
(3.) y = a;3 (a) 

Suppose X to receive ftn indefinitely small increment d x, 

and in consequence let y become y + d y, therefore (a) 

becomes 

y + dy = (x-{-d x)\ . . . (6) 

Subtracting (a) from (h) we have 

dy = (x -\- d xy ^ x^ ; 

therefore 

dy = Sx'^dx + 3x(dxy + (dxy, 

and on dividing by d a? we get 

^ = 3x^ + 3xdx + (dxy. 
dx 

The terms Sxdx and (d xy are indefinitely small com- 
pared with Sx'^y and may, therefore, be neglected; there- 
fore if 

(4.) If y = 05", r.dy = (x + d a?)" — a:»*, and on expand- 
ing by the Binomial Theorem, we get 

dy = nx'^-^dx + ^\'' ^ xl^ - ^ (d x^. + &c. 

. • . -r— = w 05* " 1 -f terms involving dx and higher powers 

of it which may be neglected. 

.-. -,-^ = naj"-i (A) 

dx ^ ^ 

This is true for all values of «, since 

(a? 4" ^ ^y =*** +nx'^-^dx+ &c. 

for all values of n. 

Therefore we deduce the following rule : 
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Rule I.— The differential coefflcient of a power 
of X is obtained by multiplying the power of x by 
the original index^ and diminishing the index by 
unity. 

We add a few examples to illustrate this rule. 

Ci.)lfy = »», |f = 9«'- 

(2.) „y = «i-» ^= -19*-«>. 

HX 

(3.) „ y = a, |^ = |aj-i. 

(4.) „y = a;-4, ^= -Ja?"*. 



Art. 5. — Differential Coefficient of the Algebraic Sum 

.of any Number of Functions. 

Let Tis take, for example, the function, 

(5.) y = a* + 4a;3 + 6 a:^ + 4 a. . . . (a) 

We may consider each term on the right-hand side as 
being a separate function pf x. 

Suppose X to become x •\- dx^ dx being indefinitely 
small, and in consequence let y become y + dy; therefore 
(a) becomes 

y +dy = {x + dxy + 4(a? + dxf + Q (x + dxy 

+ 4:(x + dx) (b) 

Subtracting (a) from (6) we have 

dy = {Cx + dxy - a*} + 4 {(x + dxy - x^} 
+ 6 {(x + dxy - a;2} + 4 {(x + dx) - x}. 



10 THE DIFPEEENTIAL CALCULUS. 

On expanding tlie terms on the riglit-liand side and 
collecting, we have 

dy = (4 ic^ + 12 a?^ + 12 05 4- 4) cZ 05 + terms involving (dxy^ 

and higher powers of (d x). 

Divide both sides of this equation by d x^ and we have 

d 11 

■j^ =4o5^ + l2a5^ + 12aj+4 + terms involving d a?, and 
a X 

higher powers of e?o;, which may be neglected, since they 

are infinitely small in comparison with the expression 

4flj3 + l2«2 + 12aj + 4, 

.-. |^ = 4aj3+ 12aj'» + 12a?H-4, 
ax 

But by Bule I., 

4 ai^ is the differential coefficient of x^ 



and 12 x^ 


99 


99 


4aj3 


„ 12 » 


99 


99 


6ar» 


., 4 


99 


99 


4:X. 


(6.) Again, let 









y = z + V — u-^- &c. . . • (a) 

where «, o, u, &c., are functions of 05, and let these fanctions 

become «„ r,, Ur, &c. respectively, when x is increased by an 

infinitely small quantity d x^ and in consequence suppose y 

changed to ^„ 

.-, y, = Zf + v, - u, + &o. ... (6) 

Subtracting (a) from (h) we have 

y, - y = («, - 2) + (v, - r) - (u, - tt) + &C. 

Now y, -- y represents the increment of the algebraic 
sum of the functions, z, v, ti, &c., and is therefore the differ- 
ential of y, or dy^ similarly z^ ^ ZyiBdz^ &o. 

.•. dy = dz + dv ^ du + &c. 
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And since 0, v, ti, &o., are functions of Xy dividing both 
sides of the above equation by d x, we have 

^ = If + ^ « ^ 4. &o. . . . (B) 
dx dx dx dx ' ' * • V y 

Helice we arrive at the following rule : 

Bule 11. The differential coefficient or first de- 
rived function of the algebraic sum of any nnmber of 
functions is the algebraic sum of the differential co- 
efficients of the functions. 



Abt. 6. — Differential Coefficient of the Product of 

Two or more Functions. 

(7.) Let 

y = uv (a) 

where u and v are functions of «, and suppose x to increase 
to x-\' dxj and in consequence let (a) become 

y + dy = (u + du) (v + dv). . . (6) 

Therefore 

dy = (u + du) (v + dv) — uv. 

That is 

dy = udv'\'vdu'\-dudv. 

The term, dudv, may be neglected, since it is infinitely 
small compared with the other terms. 

Therefore we have dy = udv + vdu, and on dividing by 
dxwe have 

dy dv , du ,^. 

dx dx dx 

That is, the differential coefficient of the product 
of two functions is obtained by multiplying each 
function by . the differential coefficient of the other 
function, and taking the sum of the products. 
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Let lis take three factors. 
Suppose 

y z=uvz (a) 

where u, r, and z are functions of a, and in consequence of x 
being increased by an infinitely small quantity, dxj let 
equation (a) become 

y -}- dy = (u •{- d u) {v -j- dv) {z + d z) , . (h) 

dy = (u + du)(v + dv)(z + dz) -^ uvz, 

.'. dy=uvdz + uzdv-i'Vzdu + terms which are in- 
finitely small in comparison with any one of these, and may 
therefore be neglected, since they contain the product of two 
or more differentials. Now the product of two differentials 
is infinitely small in comparison with either of its factors, 
since it is an infinitely small fraction of either factor ; 

.'. dy = uvdz-^-uzdv -j-vzdu. 

Dividing both sides of this equation by d «, we have 

dy dz , dv , du ,^^ 

dx dx dx dx ^ 

From equation (D) we deduce the following rule : 

Rule III. The differential coefficient of the pro- 
duct of n functions of x is the sum of all such terms 
as the product of n — 1 factors into the differential 
coefficient of the remaining factor. 

Dividing the left-hand side of equation (D) by y, and the 
right-hand side by t* t; 2f, we have 

\ dy \ dz \ dn \ du /^^ 
^ = . . . (E) 

y dx z dx V dx u dx 

We add a few examples to illustrate the above rules. 

(8.) Let 

y = (x^ + S){a^ + 4l 



I 
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where x^ + 3, and x^ + 4, are considered to be separate 
fanctioiiB of a;, and are equivalent to u and v, respectively, 
in (C). 

Using formula C we have 

Now 

ax 
and 



ax 



therefore 



ax 

Otherwise we have, on multiplying the factors together, 

y = a;5 + 3a;3 + 4a.2 + i2, 

therefore, by Eule II. we have 

ax 
(9.) y = (a;2 + a2) {x^ + 6^) (ic^ + c^). 

By formula D, we have 



+ (ar» + 62) (a;2 + c^) ^ (^' + ^') . 



<2a; 



But 



do; c?ic die ' 
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therefore 

ax 
Otherwise we have 
y=zx^ + {a^ + V + c2)a* + {a^b^ + a^c^ + h^c^) x^ + €?V^, 

therefore by B, 

^ = ea;*^ + 4(a2 + 6^ + c2)«3 + 2 (aH^ -^to'c^-^ Wg^\ x. 
ax 

It will be notioed, in the preceding examples, that the 
differential coefficient of the constant term is always cipher, 
since it receives no increment, and in the process of differ- 
entiation it is always subtracted from itself. 

*(10.) y = a^ sin x sin- ^ x. 

By formula (D) we have 

dy , . d(sin-ia:) , • . , ^(sinaj) 

•—• = ar sm a , + or sin- ^ x — ^ 

ax ax ax 

+ sin X sin" ^ X — ^ — -^ 

ax 

therefore 

dy oc^ sin x 



dx Vl — a; 



,2 



+ a? sin- ^«oosa:+ Saj^sina: sin- ^ x. 



Art. 7.— Differential CoefEicient of a Quotient. 

(11.) Let 

z 

y = -» 

V 

where z and v are functions of x. 

Clearing of fractions, we have 

z = vy, 
therefore by (C), 



dz ^ dy dv 
dx dx dx 

* See dififerential ooeffioients of sin x and sin" ^ a;. 
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Transpofiiiig, and snbstitnting - for y, we have 

dy d z z d V 



and on dividing by «, we have 



d z dv 
dy ax dx 



dx v^ 

From this result we deduce the following rule : 



(F) 



Rule IV. — ^The differential coefficient of a quotient 
is obtained by multiplying the denominator into the 
differential coefficient of the numerator^ and the 
ntunerator into the differential coefficient of the de- 
nominator; subtract the latter product from the 
former^ and divide by the square of the denominator. 

0^ + 2 



(12.) y = 



a?2 



dy a?^ X 3a;^ - (a^ + 2) X 2 a? _ a?^ - 4 
' * dx" a* a^ 

(^^•> - 2^- (x + c) ' 

dy (x + c)(2x + a + h) -(x + a)(x + h) 

' ' dx ~ (x + cy 

'x^ + 2cx + ac + hc — a6 
^ (a; + c)2 * 

Sometimes it is more convenient to express the equation 
y = - thus : y = zv^ and treat it as a product. 

V 

By equation (C), 



If 



dy dCv-"^) . . dz 
dx dx dx 
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dy 
dx 


= 1 


' + 2)x 

2- 4a;- 
-4a;-3, 


-2 a;- 
3 + 3 


3 + a;- 


•*x 


dx^ 


dy 


x^ 


- 4 










dx 


~~~ 


x^ 




1 







Art. 8. — Differentiation of a Function of a 

Function. 

Let y =f (2), and 2 = F (a;). 

Suppose X to receive a finite increment, which we shall 
denote by Sx, and in consequence let the corresponding 
increments of z and y be denoted by 8 z and 8 y respectively. 

By the property of fractions we have 

Sy _Sy 8z 
Sx Sz Sx 

and this is true for finite values of the increments, however 
small ; therefore it must hold in the limit when 8 x becomes 
indefinitely small. Therefore 

dy dy dz ,^, 

/ = /Xj- (G) 

ax dz dx ^ ^ 

(14.) ' y=:{a+cx^y. 

Let z = a + cx\ and the above equation becomes 

y = z\ 

dy _ f. 

dz ^ 

And 

d z 

— - = 4 c a;3. 

dx 

By equation (G), 

^ = 22 x4ca;3. 
dx 
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Substituting for «, we have 

^ = 8 c a?3 (a + c a?*). 
dx ^ 

Also it may be shown as above, that if y = f{z), z = tf} (v), 
and V — }ff (aj), then 

dy _ ^ dz d» 
dx ~ dz dv dx' * • • v / 
(15.) Let 

y = (a;3 - 6a;« + 4a; + 1)*. 

Here the expression inside the bracket is a function of a;, 
which we shall denote by 2, 

.-. y = «S 

Therefore y is a function of z, and s; is a function of x, or 

y =/(«),« = 4>{^)' 
By equation (A), 

and 

1? = 3 aj2 - 12 a; + 4, 
ax 

by equation (B) ; since 

« = a5^ — 6aj2 + 4a; + l, 

. ^2^ _ 



• • 


dx ^ 


c- — u tc- -f- * a? -f- 1^" ^0 


(16.) 




y =r (a^ + aj2)*. 


Let 

and 




a^ + x'^ = z, 

.-. y = «*, 

dy 1 ^ 1 
d« 2 2«* 

aa? 



^ 
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and by (G), 

dy ^dy dz^ ^ -Lx2x 
dx dz dx 2z* ' 



. ii - 



X 



dx (a^ + x^y 

(17.) Given v = x^, z = v^ + 3v, &nd y ^ z\; &nd^ ^ 

dx 

Here 



and 



dv ^ „ dz 
ax a V 






therefore by (H) we have 

If =1.-1(2. + 3).X3.^ 
that is, 

|i? = (a;« + 3 x^H^ a^ + 3) x\ 



Art. 9. — Differentiation of the Trigonometrical 

Functions. 

Lemma. — The limiting values of and — ; — is unity. 

° X sin X- "^ 

Let AC be a very small arc of a circle whose radius OA 

is unity; and let A B be a tangent at the point A, and 

C D the perpendicular from 

S^ C, on OA; then CD, CA 

and A B represent the sine, 

J.. angle in radians and tan- 

Pjq ^ gent of the angle C O A, or 

X, respectively. 

It is evident from the figure that sin a;, x and tan x are 

in ascending order of magnitude. 
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Or, 






sin a; < a; < tan x. 


dividing by sin aj, 






X tan X 

1<-^ — < 

sin a sin a? 


But 






tan X 1 




sin X cos X 



and when x is diminished indefinitely, 

cos X = 1; 

therefore the limitincc value of -; — is unity. And since 

° Bin X '^ 

, lies, in magnitude, between 1 and -; , therefore its 



sin X Bin X 

sin X 



limiting value is also unity, and hence its reciprocal 

X 

is unity, when x is indefinitely small. 

(18.) Let y = sin x, and suppose x to increase by an 
infinitely small quantity d Xy and in consequence let y 
become y + dy. 

.'. y + dy = sin (x + dx), 

.• . dy = sin (x + dx) ^ sin x 



( dx\ , dx 
= 2 cos la; + —I sin — » 



But 



DOS Ix + 


dx\' 
2 / 


. dx 
sin 2 

dx 
2 


. dx 
sin 2 

dx 


= 1, 




2" 







c 2 
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d X 
and — may be neglected in oomparison with x in 



cos 



(• + T> 







. ^y _ 

dx 


cos a;. 


(19.) 


y = 


COBXj 




• 
• • 


y + dy=: 


COS (x + d x), 






.•. dy=z 


GO&(x + dx) - 


- cos X 




= 


— 2 sin fa; + 


dx\ , dx 
2>"^-2 




dx 


- sm l^a; + - 


. dx 
.\^^^ 2 
/ dx 
2 




. ^y ^ 

dx 


— sin X. 





(20.) y = tan a;, 

y + dy = tan (a? + d a;), 

. •. dy = tan (a? + <^ a:) — tan x, 

__ sin (a? + d a?) cos x — cos (a; + d a;) sin x 
~ cos (a; + d a?) cos x 

sin da; 



therefore 



cos (x + dx) cos aj ' 

sin dx 
dy dx 

d X cos (x + dx) cos a; ' 



Hence 



dy ^ 1 
c2 a; cos^ a; 



= sec^ X. 
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Otherwise we have 



sm X 





008 a; 


and by (P), 




dy 


d (sin aj) . d (cos ») 

cos X —^ — sm X — ~ 

dx dx 


dx 


~ COS^ X 




cos« X + sin« a: _ 1 _ ^^^ ^ 




cos* a; cos* x 


(20a.) 


cosaj 


ti — vuii m — ."■ ■• 
^^ Sin a; 


By (F) we 


have 


^y _ "" 


sin*a^-cos*aj__ _ 1 _ _ ^^^^2 ^ 


dx 


• • www M/l 

sm* X sm* a; 


(21.) 


1 

w = sec a = I 

^ cos as 


therefore 





dy = 



therefore 



Hence 



cos {x + dx) cos X 

__ cos a; — cos {x + dx) ^ 
cos (a; + (2 a;) cos x 



. da; 
. / , da;\ ®^^~2" 
\ 2 / da 

^_ ?_. 

d X cos (aj + d a;) cos 05 



d t^ sin a; . 

-r^ = — — - = sec X tan a?. 

a X cos* 0; 



(22.) y = coseo a; = -^— , 



sm a; 
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therefore 



Bin (x + d x) sin x ' 

d x\ • dx 



J sin X — sin (x + dx) 



« / , d x\ - 

— 2 cos fa; + — jsin 



sin X sin (a; + ^ ^) ^ii^ a; sin (a; + ^ ^) 

/ , (2«\ •""! 

^y _ 



d a; sin x sin (a; + d a;) 

cos a; 



sm^ a? 



dy 
.'. Tj^ = — cosec a? cot x. 
dx 

(23.) y = versin a; = 1 — cos a; ; 

therefore by example (18), 

dy 

—^ = sin X, 

dx 

(24.) y = coversin a; = 1 — sin a, 

therefore by example (17), 

dy 

-^ = — cos a?. 
dx 

'In the eight examples given above, it will be noticed 
that the differential coefficients of sin x, tan x, sec x and 
versin x, have the same sign as the function^ themselves ; 
since these functions increase as x increases. And cos a;, 
cot X, cosec a;, and coversin a;, have the opposite signs to that 
of the functions, since these functions diminish as x in- 
creases. 
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Abt 10. — ^Differential CoefOieients of the Inverse 
Trigonometrical Functions. 

Suppose y to be some function of a?, 

» = F(«) («) 

If this equation admits of being expressed in the form 

a = ^ (y) (&) 

then 

dy dx 



dx dy 



= 1. 



For if in equations (a) and (5), x and y be increased by 
finite increments Sx and Sy respectively, then, by the 
property of fractions, 

Sx ^y __ T 

Sy 8x ' 

for all finite values of the increments, however small ; there- 
fore it must hold in the limit when Sy and Sx become 
indefinitely small. 

dy dx 

ax dy 

or 

dv 1 

^ .... (I) 



• • 



dx dx 
dy 

(25.) y = sin- 1 X. 

Here y is a function of x, and it may be easily expressed 
in the form a = ^ (y), that is, 

X = sin y ; 
therefore by (18), 

dx 



, = cosy = ± V(l — x'^) ' 
dy "^ 



since cos 3^ = Vl — sin^y. 
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therefore by (I), 



dx Vl — a^ 

The proper sign depends upon the value we assign to y ; 
since, for a particular value of x, we have more than one 
value of y. 

If we assign to y its least value for any value of x 
between 1 and 0, then we must take the positive sign, since 
the function increases as x increases. 

dy ^ 1 

•*' dx ^ VcT^a^)' 

(26.) y = cos- * aj, 

.'. X = cosy, 

••• ^= -siny= - V{l-«2), 

therefore by (I), 

dy 1 

da; V 1 — a?2 

(27.) jr = tan- 1 a, 

. • . a; = tan y, 

therefore by (19), 

-=— = sec^ y = 1 + a?^, 
dy 

^ dy 1 



dx 1 + a;^ 
(28.) y = cot- 1 Xy 

. • . a? = cot y, 

therefore by (20), 

dx 



= — cosec^ y = — (1 + x^\ 
dy ^ V / 

^^ 1_. 

dx 1 + x^ 
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(29.) y = sec- ^ x, 

. * . X =z sec jfj 
therefore by (21), 

dx 

~y 

dy 



(30.) 



(31.) 
therefore 



Hence 



(32.) 



and 



therefore 



j^ = secy tany = x ^(x^ - 1), 

1 

5»~a?V(a?2_ 1)' 

y = cosec- ^ a;, 
« = cosec y, 

(Za; 

dy 
dx 



j^ = - cosec y coty = - « v'(a;a - i), 

1 



' "'icV(a;2- 1)' 

y = versin- ' a, 
•, jc = versin y = 1 — cosy, 

fi /ifj 

-^ = siny = V2a? - a?^. 
dy ^ 



^y^ 1 

^^ V2a?-aj2* 

y = coversin- ^ a?, 

a; = coversin y = 1 — sin y, 



da; , 

^= -cosy = - V2«-a^ 



dy 
da; 



V2a;-a;2' 



^ 
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Abt. 11.— Differentiation of Logarithmic and 
Exponential Functions. 

. Here we shall assume the Exponential Theorem, which 

I we shall afterwards prove in the chapter on the expansion of 
functions, namely, that 

(^ = l+xlogta + rj (loge ay + — (loge af 

+ jj (loge ay + ^ (loge ay + &c., 

where e is the base of the Napierian logarithms. 

(33.) Let y = loga aJj 

therefore 

x = aif, 



that is, 

2 3 

a; ^ 1 + y log. a + ^ (log. o)» + ^ Gog« «)' + &c., 
therefore 

■^ = loge a + y Gog« ay + ^ (log, ay + (fee, 

and on dividing both sides by loge a, we have 
1 dx ^ ^ . . y2 y3 



logea dy 


T ff *^t 


>« »• -r 2 \ oe ^) ^ 1 


therefore 
Hence 




1 dx 

loge a dy " 




dx 
dy 


1 ^ 


therefore 


loga e 






dy __ loga€ 






dx X 
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Otherwise, — If y = loga x 

"we have 

dx\ 



1 + — j, 



therefore 



= h ^"s« (i + v) • •••(") 



Let dx = ax where a is indefinitely small and (a) be- 
comes 

§J = ^log,(H-a) = ilog.(H.a)r 

1 

Expanding (1 -|- a) * hy the Binomial Theorem, we have 



^G-)S-) 



H Tg a^ + &c. 

and since a is indefinitely small we may neglect it, there- 
fore 

=: e the base of the Napierian logarithms, the numerical 
valueof which is 2 '71828 . . . • 
Hence 

d^=x^'^^'' 
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If a = « we have 






dy _1 
dx X* 


(34.) 


y = »*, 


then 





log y = X log n ; 
Taking the differentiab, we have 

d (log y) = d(x log n), 



that is 



therefore 



hence, 



dy 7 1 

-^ = dx log w, 

1 dy 

dy ^ 1 

-p = y log » = »» log w. 



If n = 6 in the above example then log n becomes loge e 

= 1, therefore if 

y = eF 

then 

dy 

dx 

This, or any multiple of it, is the only function whose 
differential coefficient, or first derived function, is the same as 
the primitive function. 

We shall now work out a few examples on the preceding 
rules for finding the differential coefficients of functions. 

(35.) y = o *» 

log y = sin x log a, 
therefore 

1 ^y 1 

- TT^ = cos X log o, 
y dx 



that is. 



therefore 



(36.) 
therefore 
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-7^ = y COS a log a, 



-r-^ = a COS oj log a, 

ax ^ 

y = smn a^ = sin «, where « = « x^, 



dy -i dz ^ 

5-^ = COS «, and 3— = 2 nx, 
ax ax 



Hence by (G) we have 

dy 



dx 



= 2nx COS n x'^. 



(37.) 
where 



y = log (1 + «) = log «, 

» = 1 + a?, 

, and ^ 



d[y 1 1 ^ dz 



dz z 1 + * 



dx 



= 1. 



Therefore by (G), 

Similarly, if 
then 



(38.) 
where 



dy^ 1 
dx 1 + ^ 

y = log (1 - x), 

dy 1 

da? 1 — a; 

« = a2 + x\ 



dy^l ^^ 1 1 d2 

dz" 2 "2 VoM-^a' da; 



J- = 2 a;, 



therefore by (G), 



dy a; 

da"V(a2+aj2) 
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(39.) 
where 



(40.) 



hence, 



y = log (a^ + x^) = log «, 
2 = a^ + x^ 



dy 



dz ^ 



' dz z a^ + x^ dx 

dy 2x 

•'• Tx"^ a^ + x^' 

y = log (a;2 + 3 a; + 1)S 
.-. y = 3log(a;2 + 3aj + l), 
y = 3 log 2, where 2 = a;^ + 3 aj + 1» 

dy S dz o I Q 

-^=-, -=— =2a; + 3, 
a2 z ax 

dy __ 3 (2 g; + 3) 
•'• dx~ x^ + ^x + 1 



(41.) 2^ = V(^TT) S/(aJ-3) ^ (oj^ - 4P, 
y = (a; + l)Ka^ - 8)Ka?' - 4)1, 

logy = ilog(a; + 1) + ^log(aJ - 3) + f logC^c^ - 4), 

Idy ^J__ , _J__4.£y_-^ 

••• y5^ = 2(M^)"^3(a;-3)^5^a;^-4- 

Hence, 

^ = VHh^ 2'(^^^ y(»^-4)' 
dx 

J _^__ X _-l— + — ^^— I 
^ |2(« + l)'^3(»-3)^5(a5'-4)r 

(42.) y = logp + V(a* + x^),! 



or 



y = log ai, -where a = « + V(** + **)• 
We have 
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and 

therefore by fornmla (G), 



(43.) y = Vr+l^-^S?^ = ^*, 



where 



« = 1 + e^ sin^ a?, 

~- = — j= ^r- = 2 e^ Bin a cos x. 
»« 2 V « * "^ 

dy _ e^ sin 2 a? 



 dx 2 V (1 + e^ sin2 a?) 

(44.) y = log tan x. 

Here we have 

y = log Zj where z = tan a?, 
, dj^ 1 1 



and 



d 2; 2; tan a;' 



dz 

-Y- = sec' X, 
dx 

d y sec' x 



dx tana; sin 2a;* 
(45) _ Va?'' + a^ j^a;'-f <>' ^ 

.-. logy = ilog(a;' + a') + ilog(a;2 + 6') 
-ilog(a:^ + c')-|log(a;2 + cP) 

Idy _ a? 2a; 2aj 2x 

''' yTx "" aj'+a'"^ 3 (a;' + b') " 6 (ar^ + c^J "" 7 (a;' + d')* 

dy _ \ X 2x 2x 2a; 1 

•*• d^ - ^ \a;2 + a^ 3 (a;' + b^ " 5 (a;' + c') "" 7(a;2 + d^))* 
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(46.) y = £MiL+i«) . 

^ 1 -f- Sin a? 

By equation (P) 
^ (1 + Bina?) |log(l +x) + ^^Txi "" ®^sa;log(l + x) 

dx (1 + ^^ ^y 

.,„. , ^ >/x+ ^/a + ^/h — ^/ahx 

(47.) y = tan- 1 j= j-^ 7=- • 

1 ^ Vax — Vox -^ y ab 

Here 

y = tan- ^ Va? + tan- ^ Va + tan-^ V6, 



dx 2 ^/x l + a 

(47.) y = cfc% 

log y = & a?, 

• - "^^ - Jk 
y dx 

dx 
(48.) y = e-^' 



9 



logy = - A; a;, 
y aa; 
da? 



(49.) y = e**sinaaj. 

By formula (C) we have 

u tl 

--r =6^» a G08 aa; + ^^^ Bin aa;, 
dx 

. r a cos a a; Ajsinaa; ) 
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Let denote the angle whose sine is 

a 



then 



cos ^ = 



k 



V(5M^i"2^ 



F^ ^ 



p- = e** V(a2 + P) sin (ax + 6). 



1 
(50.) y = sin a* , 



therefore 



Now 



1 
^ = sin 2, where « = a* . 



1 



d y . dz a* loff a 

^ = cos z and -=— = ^— 

dz dx X* 

therefore, by formula (G), 

1 

dy a» log a 



dx X 



2 



cos a* . 



We add a list of differential coefficients for the sake of 
reference. 

dx 

d y loga e 
2' = ^«8«'"- d^ = 



X 



dy 



y = a-. ^ = a-loga. 

dy 
y = sin a a?. ~ = a cos a a;. 

dx 

dy 
y = cos ax. ^ = - a sm a a?. 

(103 

y = tan a «. ^-^ = a sec^ a x. 

^ dx 



D 
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dy 2 

V =r cotax. --i = - a cosec^ a x. 

^ , ax 



y = sin " ^ «. 



— f*r»a — 1 



dy 1_ 

da; Vl — 
^ 



X' 



X' 



y = COB"^ X, J- = 7^= 

^ da? VI — 

dy 1 

« = tan ~ ^ a;. T" = ■, , ^a' 

^ a a; 1 + a;^ 

dy 1 

dy 1 

^ d a? a; V (a?^ — 1) 

dy 1 

y = oosec-ia;. _ = - — ^== 

dy 1 

y = versin -^ x, TZ^ / ^ 2 * 

^ d^x a/2x'^x^ 

dy 



y = log (a; + Va2 + a;^). ^ - V(SN^ 

y = ^'. ^=,h^^. 

^ dx 



Examples. 



3 dy Q^2 
2. y = 6a;i -r^ = 2a;-i 

d X 



3. 


y = a a; " *. 


^2^ 3a 

— ^ -^  — a; *• 

dx 4 


4. 


y=^(^^). 




5. 


y = aj2-3aj 


+ 2.' f2' = 2»-3 
da; 
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6. y=afi~x*~3x-l. ^ = 5** - 4*' - 3. 

ax 

7. y = x(x-l)(x-2). ^ = 3ir'-6a;+2. 

8. « = ?-±_?. dj ^ hj^a_ 

x + h dx (a; 4- 6)2* 

10. y = (a; + a)»(n + 6)-. || = (,; + «)n-i(^ + 2^)«.i 

X {{m + n)x + hn + am]. 



11. y = ./i±^. ^y 2x 

12. 2^ = siii2a;. j^ = sin 2 a. 

do; 

13. y = Binx\ -~-=:2x cos a^. 

14. 2^=:tanwic. ^J? =, « eec2 » «.. 

15. 3^ = tanic~ 3-^ = wa?"-iseo2ic«. 

aa; 

16. 3^ = sec-ia;^ ^ = 



^^ a?V(iB'^-l)' 

17. 2^ = cos-i (3ic - 1). ^ = . ^ ^ 

^» Va;(2-.3a;y 

18. 2^ = a4^^ ^=^^- 

dx 3^x^ 

19. y = aj*-3a;2 + 7. ^ = 40;^ - 6a:. 

ax 



D 2 



1 
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1—05 dy aj^— 2a/ — 1 

22. y = (a? + 2)(a;2-4). ^ = Saj^ + 4a? - 4. 

23. y = *' + *"" '^J^- * 



e» — e-* da? e" — e-* 

dy €^ + e-' ' 



da? e* — e- 



24. y = log (e» - e- »). 

c dy 3c 

26. y = (l+ife*9)». fif = i^(l+jfcx3) 

^ ' dx n ^ 

o dy 2 

27. w = log a or. -^^ = - . 

° dx X 

28. y = log sm a?. -^ = cot a?. 



l-n 



29. y = 



a»(l + loga?). ^ = a»j(l+loga?)loga + -| 



30. y = a?»e». -=^ = a?» e* (2 + log a?). 

Cv X 

31. y = log (sin- 1 a;). -j^ = , 

^ ^^ ^ da? siii-ia?V(l-a;2) 

32. y = -tan-i-. -j^ = 



a a dx x^ + a^ 

1^ « dy 1 

33. y = -log — ; — , ' ^ = — , 

a a + Va^ + a;^ da? aVa^lar* 

dy 

34. y = sec a*. -z-^ = a* log a sec a* tan a*. 

aa? 
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36. y = sinajsin-ia. -^ = — -=^=^ + sin- 1 a; cob sr. 

dx V(l-«2) 



dy 
I 



37. y=:(p+qx)e^'. ;^ =^ e^' {q+ a{p + qx)}. 



,2 



38. y = sin- 1 Vr::^. ^= ^ 

39. y = tan-i-l^. ^ = -lilil^L. 



V \l — aj/ rf aj 1 — ic^ 

41. y = 8in-i , 3-^ = — 7= -. 

Vl+a;+Vl-a? ^a? a>/2(l-a;Y 

42. y^ ^ ^y^ 1 + loga? 

a? log a dx (aloga;)^' 

43. y = cos-i(rr —  ). — ^ = — . 

\2a + x/ dx V(3a2 + 2aa;)(2a + a;) 

44 V«a?(&a?T^ dy^ /ax(hx + c) 

^ >/^T^ * dx V (aj + «) 

^JA . _^ ]Ll. 

l2iB 6a;4-c x + a\ 

45. y = {05 + -/(i^^Ti)}". |i^ = n (« + V^^"^^)"- ' 

M^ + v^}- 

46. y = tan- M ) + log (x^ + a^). ^ =_ZL_r. 
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« ^2^ e 

dx X 



1 

X 



48. y = ^. -^= -- 



X 
X 



49. y = a;«. _^ = --(l + log4 

Of X Cb 

,- . , . di/ sin (loff tan- 1 a;) 

50. y = cos (log tan- ^ x\ -j^ = ^^- rf 

^ ^ ^ ^ do; tan-ia;(l + x^) 

X dy 1 



51. y = 



V(l + aj2) do; (l + a;2)l 



, . a; cos a? c?v 2 

52. y = log tan r-r- • ^-^ = ^3 — 

2 sin^a? a a; sin'^a; 

X 

53. 2^ = tan - sin 2 (a? — a), 

dy 2 sin x cos 2 (a? — a) + sin 2 (« — a) 
ci a? ~" 1 -)- cos a; 

54. y = a?e3«'. -7^ = e^* (1 + 3 a;). 

a;t sin - , x^ cos - + »- 1 sm - aji sm - 

^~T+T" d^"^ 3(1 +») (1 + xf 

1 






^ ^_±_ ((a;-a)(l +logi»)-logf-)] 
5^ ~ Vo^/ I ix — a)2 ) ' 



(a; - a)^ 



57. y^x^{X^xr\ 2 = ^Ml-^)'"'%(rZ-i) 
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58. 3,= ^ +^«^°-^U- df = ^(«* - '^'^ 

59. y = (sin a; sin 2 a? sin 3 a;)**. 

-7^ = wy (cot a? + 2 cot 2 a; + 3 cot 3 a?). 

60. « = tan- 1 (a«). ^ = -— ^ • 
^ ^ ^ da? l+a2» 

61. y = ^/(ax + x^) + alog{^/^+ ^/ a + x). 



Tx^^s/ynrr 

^^ _ , //a sin a? + 6 cos aj\ 

y— ^^V Vasina; - fecosa?/ 



da; a^ sin^ a? — 6^ cos^ a; 
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CHAPTER IL 
SUCCESSIVE DIFFERENTIATION. 

Art. 12. — Successive Derived Functions and 

Differentials. 

In the preceding chapter we have shown how to find the 
first derived function from the primitive function. 

If y = / (x)y we showed that the first derived function is 

rr^ or ^^ * , and that, with one exception, the first derived 
ax ax 

function differs from the primitive function ; therefore, if 

on differentiating we have 

dy _ df(x) 

dx' dx "-^ ^^^' 

where /^ {x) denotes the first derived function. 

If p {x) involve the variable a?, we may treat it as we 
did /(a;), thus, 

dx\dx/ " dx ■"•' ^ ^' 
the second derived function. 

Instead of 3— I -^ I we write -j-~\ therefore the result of 
dx \ax/ axr ' 

differentiating y =f(x) twice is denoted by 
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Treatiiig the second derived fanction in like manner if it 
contain the variable, we have 

the third derived fanction. 

Similarly, after n operations, we get 

the nth derived function. 

We may arrange these results as follows : 

y = /(«). Primitive fanction. 
-5- = /^ (x\ First derived fanction. 

-5-4: = /" (x). Second derived function. 
dx^ ^ 

d^y 

-7-3 = /™ («). Third derived function. 



.• 



d^ V 

^ — =/»(iK). nth derived function. 

da^ '' ^ ^ 

(61.) y = aj3 - 4 a'* + 5 a? - 7 = f{x). 



clic* 



= 0. =/'^(«). 



In this example we see that the derived functions of a 
higher order than the third vanish. 

In like manner we may show that the (n + l)th derived 



42 THE DIFFERENTIAL CALCULUS. 

function of a 05" + ^a^**"* + &o« is zero, where n is a positive 
integer. But if n be negative or fractional there will be no 
derived function which will vanish, since by Eule I. we can 
never reduce the indices of x to cipher. 

ify=/(«) 

dy =f^(x)d X, The first differential. 
d^y = /" (x) d x\ The second differential. 
d^y = /"^ (x) do^. The third differential. 
•• •• •• •• 

d^y = f^ {x) d x\ The nth differential. 

(52.) Let y = e**, 
then 

ax 

dx^ 



'^^ = k^€^. 



dx^ 
Similarly, if 



dx 

(53.) y = sin h t 
dy 



y z= e '^ 

—? = - ke-^ 
dx 



•^ = (- 1)'»^»»6- *». 



^ = h cos ht =zh sin ( ^ ^ + s ) 

^ = Poos(A;« +0 = Psin(A;< -h^) 



d 



d^y 

dt 



f = ife«sm(ft< + !y^). 
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(54.) y = COS A; x, 

dx \ 



T-^'-kaiahx^koosfkx+^Y 



d x^ 



= h^ cos 



(" + T> 



(^5-) y = loga X, 

dy 1 

X 

X' 



tx^-^""^^'* 



5^2="-2l0gae, 



d-y _ {\n^){^l)n^l 

d xn ^ ^^g« ^• 



dx^ x" 

(56.) y = e** cos r », 

dy 

— = A; e^« cos r a; — r e^^sin r 



cZx 



^ 



= e** (A; cos ra? — r sin rx) 
k 



= ^(^^ + '-^)^-(7|r^cos...-^^sin..). 



If 

k 



= cos ^, 
V A* -f- r-* 

then 



Vife^ + y2 



-3 = sm 0, 

VP + r2 

Substituting these values in the above expression we have 
^= ^/W+r^ €^«^ (cob Gos r X - sin^sinra;), 
= V(P + r2) efc« cos (r a? + ^). 



44 THE DIFFERENTIAL CALCULUS. 

If we differentiate again we have 

^= { V(P + r2)}2 6*» coB{rx + 2e) 

Similarly, after differentiating n times we get 

^ = (h^ + r^y e*» COS (raj + n 6). 
If 



find V, where 
Here 



V = EC + L^. .....(«) 



= a Bin i L 



— - = a « cos A; t. 
at 



Substituting in (a) we have 

Y = B a sin ht + 'Lak cos A: < 
/ .^ .- — y= — _ . -_ I R a sin A;< LaA;coBA;< ) 

= ^/(B>ay + (LaJcy sin (jfe < + 0), 

where 

, La A; 

In a later chapter we shall show how to find C in terms 
of V, E, L and L 

Abt. 13. — Suppose we require the nth differential co- 
efScient of the product of two functions. 

Let y = uv where u and v are functions of x. 
By Bule IIL 

d y ^ du dv 

dx dx dx 
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Differentiating again with respect to a, we have 

d^y dl^u df) du du ^^ , ^ ^ 
dx^ "^ dx^ dx dx dx dx dx^ 

di^u dv du d'^ V 

^ dx^ dx dx dx^ 

In like manner we have 



d^y __ d^udvd^ud^vdu d^v 
dx^" da^ dx dx'^ da? dx dac^ 



9 



and 

d*y ^ d^udvd^ud^vd^ud^vdu d^v 

dx^" dxl^ dxdoc^ dx^ dx^ da^ dx daj** 

Hence we may deduce that 

d^y d^u , d » (?*» - 1 ft . n (n — 1) d? f? <!""■ 2 ij 

daj» daj»^ dx da^"^^ \^ da? dod^-^ 

, d^v 

^ dx"" 

Here the coefficients follow the same law as those in the 
expansion of {x -}- y)" The above result is called Leibnitz's 
Theorem. 

Let us apply this theorem to the following examples. 

(57.) To find the fourth derived function of y = x^ log x. 

d^y_ , d^(logx) d{xy d^logx) (?M^^) d^logx) 

dx^"^ dx^ "^ dx dx^ ■*■ dx^ dx" 

d^{x^)d{logx) d^{x^).^ 
^^ da? ^ dx + dx^ ^''^''• 

+ 4 X 6 X 5 X 4 aj3 (-j + 6 X 5 X 4: X 8»2 log a; 

= 18 x^ (19 + 20 log x). 



46 THE DIFFEBENNIAL CALCULUS. 

(58.) If y =s sin (a sin— ^ a) ...... (a) 

then 

From (a) we have 

^- = co8(amn-i»)-^==, 

.*. ^ = COS Ca sin— 1 x) . . (6) 

a oa ^ '' ^ ' 

Adding the squares of (a) and (6) we get 
that is 

and on differentiating again we have 

^ ^ ax dx^ \dxj ' ^ dx 

d 13 
On dividing by 2 -7^ we have 

CL X 

Again, by Leibnitz's Theorem, the nth differential 00- 

d'^y 
eflBcient of (1 — 05^) -=~ is 

Oi X 

d II 
and the wth differential coefficient of a -z-^ is 

dx 



X 



P^y + np and ^1^ ^ ^. p ^ 
d'^'+ ^x dttS^ dx^ dx'^ 
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Therefore the nth differential coefficient of 

is 
(1 . a;2) ^ -^ - (2n + 1) x ^ -^ + («^ - a^)^ = 0. 

(59.) To find the nth differential coefficient of e^ y, where 
2^ is a function of x. 

By Leibnitz's Theorem we have 

da;" ^^ da; 1 2 da;^ 



d** ~ ^ «/ d** «/ 

dx^-i ^ da;« 

The right-hand member of this equation may be written 
in symbolic form thus 

-^^^=e-(a + tf)ny, 



da;* 



where tf = -=— . 
ax 



Examples. 



d^ y 

1. If y = a;*, show that ^-| = 24 x. 

2. Ify = «», „ ^=_ia,-f. 

4. If y = sm a?, „ -r-^ = — sm x. 

a X 

5. If y = cos x\ „ -i-| = 8 a;^sinar* — 12 a; cos x^. 

6. If y = a; sin x, „ -r-| = 6 sm a; + a; cos x. 
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7. Hff = ** ^, show that 

V 

^ = <fi {n (n - 1) a^-» + 2na?»-i + «»} 

8. If y = «* tan— 1 », show that j 

dPy _ (1 -a?ytf» e« 

dar»- (l+a?")* + 1 + »« + 2f- 

9. If y = e**, show that 

^ = ^(64 »« + 480»* + 720 a?2 + 120). 

10. If y = log (cos a;), show that 



dx' 



= — 2 sec^ X tan x. 



11. If y = 6* sin 05, show that 

12. l£y = ef^ sin «, show that 

(f» y __ e*» sin (a? + n ^) 
dx^ sin" $ * 

where tan^ = -. 

a 



13. If y = (x^ + «0 ^^^^ (-)» 8^0^ t'^** 



d^y 4 n 



2\2* 



14. If y = C sin fc 0? + Ci cos k », show that 

dx*" 
16. If y = e*' »»° " ^ % show that 
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16. If y = h COS (log x) + 1 sin (log a?), show that 

dx^ ax 

^'^' ^ " «2 + X^' 

jSy _ - 48 n^a; (9 n^ - 26 n^ ar' + 5 x^) 
d x^ (n2 + x^y 



B 
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CHAPTER III. 
EXPANSION OF FUNCTIONS. 



Art. 14. — ^Taylor's and Maclaurin s Theorems. 

If / (aj -|- y) be a continuous function of x + y whicli 
admits of being expressed in the form of a series of ascending 
integral powers oixory; then 

f{x + y) = A + By + Gy^ + Vy^ + Sco. 
or 

f(x + y) = A, + B,x + C,x^ +J),x^ + &c., 

where A, B, C, D, &c., are functions of x and independent of 

 

y, and A^, B^, C^, D^, &c., are functions of y and independent 
of X, For example : 

W (fl "~ 1 I 

(x + yy* = xn + nx!^-*^ y + ^ -' x'^^^y^ + &c. 

= A+By + Cy^ + &c. 
where 

A = a;^ B = nx^-\ C = ^^5-^^ a? »» - 2, &c. 

We shall now show how the values of A, B, C, D, &c., or 
A^, B^, C^, Dp &c., may be obtained in terms of a? or y respec- 
tively. 

lff{x + y) be a function which admits of being expanded 
in powers of a; or y; on differenliating it with respect to a?, j 
treating y as constant, we get a result which is the same as , 
if we were to diflferentiate it with regard to y treating x as 
constant. 
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For tlie proof of this statement, 
Let 



"where 
Then 



but 



«=/(» 


+ y) =/(«). 


z = 


« + y. 


du 
dz 


= / (")> 


du _ 
d X 


du d z 
d z dx* 



and since 



f we have 



therefore 



z = X + y, 



-=— = 1 treating 3^ as a constant ^ 
a X 



H=^<* 



Similarly, 

du _^du d z __ j^f \ 

dy d z dy 
Since 

d z 

-J— = 1 treating a; as a constant, 

dy 
therefore 

|| = -^|,'^herett=/(« + 2/). 

For example : Let 

u = {x + y)\ 
therefore 

du 

dx 
and 



= 4 (a? + yY treating y as constant, 



-- = 4 (oj + yY treating x as constant ; 

if 



E 2 
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therefore 

du ^ du 
dx dy * 

Let 

u=:f{x + y) = A + By + Cy^ + 'Dy^ + &o. . (1) 

On dififerentiating this with regard to «, we get 

du ^ d A .dJ^ ,dG 2i<^I^ 3-L<fe- • f9\ 
dx dx dx dx dx *' ' 

also 

p = B + 2Gy+3J)y^ + &c.; 

and since we have proved that 

du ^ du 
dx dy^ 

we are at liberty to assume that the coefficients of like 
powers of y are equal in the above equations, therefore 

^ = B, ^=2C, ^ = 3D,&a 
dx dx dx 

Again, since (1) holds for all values of y, it must hold 
when y = 0, therefore 

fix) = A. 



Again, 



B-^-/.(.), 



and 



IdB 1_ 



^ = 2-li = i/°(-)- 



Similarly, 



D = ||/'" («'). &o. 



w 
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On substituting these values of A, B, C, D, <&c., in (1) we 
have 

/(^ + y)= m + yf («) + ^/" (*) + ^ /«" ip) + &c. 

This result is called Taylor's Theorem. 
Similarly, we may show that 

/(* + y)= f{y) + «/' (y) + 1/° (y) + J/" (y) + &c. 

Art. 15. — ^We shall now apply Taylor's Theorem in ex- 
panding a few functions of a + y. 
(59a.) Expansion of {x + yf. 

{x + yy =f{x) + yr (x) + g r{x) + ^r^ (x) + &c. 

Here 

f(x) = x\ f {x) = 6 x\ /" (a;) = 6 X 5 x\ &c. 

On substituting these values for the several successive 
derived functions of a?, and simplifying the coefficients, we 
have 

{x + yf = x^ + Qx^y + 15a;* y2 ^ 20a^y^ 

+ lhQi^f + Qxy^ + y^. 



(596.) To expand log {x + y). 
Log (x + y)=f(x) + yf (x) + ^/" (a;) + ^/^° {x) + &c. 



s'Sn/^N . y^ 



Here 

On substituting these values for the several derived 
functions, we get 
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(59c.) To expand sin (x + y). 

Sin (x + y)=f{x + y) = f{x) + yr(x) + ^ /"(«) 

Here 
/ (a;) = sin x, p {x) = cos x, /° (x) = — sin a?, &c. 

On substituting these values for the several derived 
functions of x, we obtain 

y^ , y^ 

Sin (a; + y) = sin a + y cos a? — ly sin a; — r^ cos a; 

+ f^ sin a: + r|- cos a; - &a, 

i± JA 

or thus 

Sin (a; + y) = sina;(l - jf + jj - | + &c.) 

+ cosa.(2^-| + |-j^ + &c.). 



y 



(60.) To expand cos (x + y). 
Cos (a; + y) =f{x + y) ^f{x) + y/^ (a;) + j|/"(^) + &c. 

Here 
/ (a;) = cos X, f^ {x) = - sin a?, /" {x) = - cos a;, &c. 

On substituting, we obtain 
Cos (a? + y) = cos a; - 2^ sin a; - jY cos a; + Tg- sin x + &c. 

(61.) To expand a* + y. 

a- + y = /(a: + 2^) = /(a^) + 2//'(«^) + |t/° («^) + &c. 



= cos X 
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Here 

/ (x) = a*, /^ (x) = a* log a, /" (a;) = ax (log ay, &c. 

Therefore 

aa' + y = a« + y a* log a + -— r?-^ «* + &o. 

= «.(l + , log « + (J^V ^J^V &0.). 



Abt. 16.~Maclauriii's Theorem. 

In the expansion of / (« + y), by Taylor* 8 Theorem, if we 
put a? = 0, we have then 

/(y) ^ /(O + 2^) = /(O) + y/'(0) + ^/" (0) 

SimUarly, we may show that 
/(«) =/(0) + aj/'CO) + if /"(O) + ^/'"(O) + &c. 

This resnlt is called Maclaurin's Theorem. 
The beginner has usually some difficulty in interpreting 
the meaning of/ (0), /' (0), /" (0), &c. 
Now 

/(O) is what f{x) becomes when a? = 0. 

(62.) Let us take sin x. 
Here 

f{x) = sin a?. . • . /(O) = sin = 0. 

and 

/^ (aj) = cos aj. .'. /^(O) = cos = 1. 

/« (a:) = - sin x. .-. /"(O) = - sin = 0. 

/"I (a;) = - cos a?. .-. /"' (0) = - cos = - 1, 






56 THE DIFFERENTIAL CALCULUS. 



x^ 



.-. Sina:=/(^)=/(0) + x/^(0) + ,-^/^(0) 



a^ 



+ TT r' (0) + &c. 



3 
= + a;Xl + jfxO + j|-x(-l)+^xO + &a 

a^ x^ x^ o 

(63.) Cos *=/(«;) =/(0) + a, /'(0) + j|/n(0) 

+ (J /"' (0) + ^ 
Here 

/(a;) = cos X, .'. /(O) = cos = 1 

and 

p{x) = - sin X. .-. /^(O) = - sin = 0. 
/" {x) = - cos ic. .-. /" (0) = - cos = ^ 1. 

•B Hu X 

.-. cosa;=l-^ + --^ + &c. 

(64.) Exponential Theorem. 
To expand a. 



Here 



X'^ ^„ ,^. . 03^ 



«»=/(*) =/(0) + a;/'(0) +,f /«(0) + jj/"" (0) + &c. 



Now 

/(O) = ao = 1, /^(O) = aMog a = log a, 

/" (0) = a« (log af = (log a)2, &c. 

X^ tXj 

.-. a* = 1 + a; log a, + — (log a)^ + — (log of + &o. 

If we substitute e, the base of the Napierian logarithms, 
for a, we get 

e»=l + aj+,2- + |3- + *^'» ®^^^ ^^^* e = 1. 
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(65.) To expand tan x. 
fix) = tana;=/(0) +x/^(0) + ^V°(0) + ^V™(0) 



a* 



/(ic) = tan a?. . • . / (0) = tan (0) = 0. 

/^ (x) = 1 + tan2 X. .-. /I (0) = 1 + tan^ (0) = 1. 

/° (a;) = 2 tan a; + 2 tan^ x. .-. /" (0) = 2 tan (0) 

+ 2 tan3 (0) = 0. 
/°^ (a?) = 2 + 8 tan2 a? + 6 tan* a?. .-. /™ (0) = 2, 
/^(a;) =16tana; + 40tan3a; + 24tan5a; .•./'^(0) = 0. 
/^ (a;) = 16 + terms involving tan x. .•. /^ (0) = 16, &c. 

Therefore 
tana; = + a; + j|-x <> + j|- X 2 + -J x + jj xl6 + &o.; 

that is 

x^ 2 a;5 
tan a; = a? + -■ + —- + &c. 

o 15 



(66.) Expansion of log (1 + a?). 



a;2 



f(x) = log (1 + x) =/(0) + aj/'(0) + J/" (0) 



a?3 



+ ,^- /"' (0) + &o. 



Here 



/(O) = log 1 = 0. 

2 3 4 

• •• log (1 + a?) = a; - I" + ^ - I + &c. 
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In this result let x be changed to — x. 

r. log (1 - a;) = - a; ------- i&c. 



Art. 17. — Eider's Formulee for Sine and Cosine. 
If we expand e* V - 1 by Maclanrin's Theorem we obtain. 

e»V- 1 = 1 . _ + _ - &c. . . . 

/ f x^ x^ . ] 

+ V-ljx-J3- + ^-&c.f. 

= COB a; + V^^ sin x, by (62), (63). 
Change a; to — a;, and we have 

= cos a; — V — 1 sin x. 
On adding and dividing by 2, we get 

cos X = o • 

Subtracting, we get 



sm X = 



» V-i _ p-*V-i 



2 V - 1 



Art. 18.* — Hyperbolic Functions. 
Let P B Q be a hyperbolic curve whose equation is 

a^ " &2 - ^- 

* The student may omit this article till he has mastered the elements 
of the integral calculus. 
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It is easy to prove that the sectorial area B P 

ab 



ab . /x y\ 
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Fio. 5. 



20BP 






say. 



^ . y 



(«) 



where e is the base of the Napierian logarithms. 
By the equation of the curve we have 

•(Mj(M)-- — (M)=-- 

X V 

••• «-? = "-" W 

Adding (o) and (6) we obtain 

^ = i(e«+e-»), 

and subtracting, we have 
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The former is called the hyx)erbolic cosine of u, and the 
latter the hyperbolic sine of u, and denoted by cos h u and 
sin h u respectively. 

(67.) Cos hu = i (e« + c-«). 

d (cos hu) ^ , . . , , ^ 

•'• - -j-^ — ^ = i(«" - e-") = sin Att= VGoah^u - 1. 



Similarly, 

d (si n ^tt) 
du 



= J (e* + e - **) = cos ^ tt = Vsin h^u + 1. 



Also cos ^^ I* — sin A^ tt = 1. 
Again, let cos hu = x, 

du ^ ' ' dx ,J x^ — 1 

.•. COS ^ - ^ a? = log {x + tj 7? — 1). 

Similarly, we can show that 

sin A -1 a; = log {x + J o^ + !)• 

(68.) To expand tan- ^ x. 

Assume tan- ia; = a + 6a; +ca5^+«^i»^ + &c., and diffe- 
rentiate both sides of this equation with regard to oj, there- 
fore 

= 6+2caj + 3cZa;^ + &o. . . (a) 

1 + ic 
Now 

— L.^= 1 «a.2 I a.4_a;6 + &c.; . . (/3) 
1 + a;2 ^ ^ ' ^'^^ 

and since (a) and (^) are identical, we may assume that the 
coefficients of like powers of x are equal in both expressions ; 
therefore 6 = 1, c = 0, d = — ^, and a = 0, since tan- ^ (0) = 0. 

. • . tan- ^x=^x — 5 + -T — 17+ <»o. 

o o 7 
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(69.) To expand sin-iic. 
Assume 

sin- ^x = a-^hx + ca^ + dx^ + eac^ + &c. . (a) 

Differentiate both sides ; thus 

7— -^-rr- = 6 + 2cx + 3dix^ + 4:ea^ + &c. . (3) 
(1 — a?-*)* ^' 

But 

+ 2X4X6X8 ^' + ^^' • • • (7) 
Equating the coefficients of like powers of x in (fi) and 
(y) we get 6 = 1, c = 0, d = -, c = 0, &o., and a = 0, 

sin- 1 (0) = 0. 

On substituting these values for a, 6, c, d, &c., in (a) we 
have 

1 I ■'■ - 'I I 1x3 _ 

sin" '■ X =: X -i OJ* H 05" 

^2x3^2x4x5 

1X3X5 
+ 2x4x6x7^ +*^- 

In the above trigonometrical expansions the angle x is 
estimated in circular measure, and in order that the expan- 
sions may form rapidly convergent series, the value of x must 
be less than unity. We add a few numerical examples : — 

(70.) To find the sine and cosine of lO''. 

We must express 10° in radians, that is, — radians; 

lo 

therefore by (62), 

-'«°=H-i(S)'+2:S)'-*- 

.-. sin 10°= -1736482. . . . 



^ 
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.-. COB 10° = -9848078. . . . 

(71.) To find the tangent of 24°. 
By (65) 

. «.o 2ir 1 /2'7r\3 , 2 /2 7r\5 



tan 24°= '4452287. 



By means of examples (70) we can find the sine or cosine 
of any angle less than one radian ; but we can also make 
use of it to find the sine or cosine of an angle greater than 
one radian. 

Suppose we want the sine of 78°. Now 

sin78-cosl2° = l-i-(^y + i(^y-i-(0-t-&c. 

= -9781476. 

Examples. 

1. Expand (1 + sc) e* by Maclaurin's Theorem to six 

terms. 

Sa^ . 2a^ 5a;* a^ ^ 
Ans. l + 2x^— + — + — + -+&c. 

2. Expand e* sin x in powers of x, 

^ a^ x^ x^ a;' - 
Ans. x + a^ + -^^^-^--^Q + &o. 

3. Expand to five terms e* sec x. 

2x^ x^ 
Ans. 1 + ic 4 a? + -3- + -^ + &c. 

4. Expand log (1 + ^*) to four terms. 

ax d^ x^ a* x^ 
Ana. Log 2 + -^- + — j^ . . . &c. 
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5. Expand e^^ ~ » to five terms in powers of x, 

6. Expand e~ * log (1 -|- a;) to four terms in powers of x, 

3a;2 A:Q^ 13a;* 

AthB, X — h — 1- &C. 

2 3 12 

t 1 a;^ 3 a;^ 

7. Prove that log \x + Vl + aj'4 = aj - — + — - - &o. 

8. Expand (sec a?)** to three terms. 

. 1 , wa;2 (3w2 + 2a;)aj* , . 

Am, 1 + -^- + ^ — — '- f- &c. 

14. 



9. Expand e* + » cos x to six terms. 

f a;^ aj* ar* a;^ ) 

10. Expand sin- ^ (a? + y), by Taylor's Theorem, to four 
terms in powers of y. 
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CHAPTER IV. 



INDETERMINATE FORMS. 



Art. 19. — An algebraic or transcendental function of a 

variable is said tn ]}^ indf^te rminate wben for a particular 

value of the variable the function assumes one or other of 

a 
the forms -, — , 0°, x « and 1 ± « . 
a 



For example : 




ay^ — ax + ex — ac - 


• («) 


x^-^ax + ox-^ab 


1 
7-» 


• 


•- == — when X = - • 

tan X (X 2 


• W 


(a.)tan» _ QO when re = . . . 


• W 


(cosec a;)« = a ° when x = . 


• («^) 


TT 

(sin xy^' =z 1* when x = - . 


! 


(1 + xfoe' = 1- « when a; = 0. . 


• (/) • 



We shall endeavour to show how the true value of such 
expressions may be obtained when the variable approaches 
that limit which renders the expression indeterminate. 

Expressions such as (a) and (h) are either in the form 

--7-(j or they can be easily expressed in that form. Now 
it>(x) 

suppose /(a;) and <^ (x) are both zero when x = a. 
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If we substitute (x + A) instead of x in each function 
where A is indefinitely small, we have the limiting value of 

/(l±*i = IM ; 

<l>{x-\- h) <f> (x) * 

but by a theorem in algebra, each of these fractions is equal 
to the fraction whose numerator is the difference of the two 
numerators and whose 'denominator is the difference of the 
two denominators, therefore 

f(x + h)-f(x) 

<f>{x) <^ (a; + A) - <^ (x) if>{x'\-h) - <f> (x) ' 

h 

that is ^ - ; ( , therefore the limiting value of =^,-;- when 
<l>\x) ft>{x) 

X = a IS "^ — ^— i , 

If \; I be indeterminate we proceed to the second de- 

rived functions, &c., until one or both functions cease to 
vanish or become infinite. 

(72.) Find the true value of ^ T f ^ ^ when x = 0. 

sm** X 

Here — )— ( = T ^ — ; therefore the limiting value of 

'ffi (X) SIBT X 



X — sin X 



when a: = 0, is ^ ^^ (^ ; that is. 



sin3 X ' <l>' (0) 

1 - cos Qo 1 - cos Qo 



x 



3 sin2 Qo cos 0° 3 (1 - cos^ 0) cos 0° 

^ 1 ^1 

3 (1 4- cos 0°) cos Qo 6* 

(73.) Find the true value of cos i> a? - cos grg ^^^^ 

cos mx — cos n x 
= 0. 
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Here 

/ (^) — ^^ px — cos q X 
<f> (x) "" cos mo? — cos n x ' 

the limiting value of which is 

— p einp X + q sin qx __0 

— m sin mx + n cos nx 

when 0? = 0, which is indeterminate. We proceed to the 
second derived functions, therefore the limiting value of 

— p Binpx + q sin q x 

— fnammx + n sin n x 
is 

— |)^ coBp X + q^ cos g a? __ q^ — p^ 
— TO^ cos Tw 0? + w^ cos nx 71^ — rn^ 

when a = 0. 

(74.) Find the value of x^ tan x — (-j seo x when 

TT 

a; ^ — • 
2 

Here we have 

»* sm a? — ( _ ) 
a?^ tan a? — f_J seca;= — 



cos a; 



the limiting value of which is 

2 X sin X + x"^ cos x i. ^ 
L = — TT, when a: = - . 

— sin a; 2 

(76.) Find the true value of (tan a;)^'^* when a; = 0. 
This is in the form 0°. 

Let y = (tan a;) 8*° *. 

. • - log w = sin a; log tan x = —S. — ?_ , 

cosec X 



THE DIFFERENTIAL CALCULUS. 67 

the limiting valne of which is 

sin « ^ , - 

= — -— = when x = 0; 

cos-* X 

that is, 

. log y = when x = 0. 

••• y = i; 

that is, the limiting value of 

(tan aj)8iaa! when a? = 0, is 1. 

(76.) Find the true value of (tan a?)«>sa; when a; = ^. 

This is of the form (oc )°. 
Let 

y = (tan a) cos X. 

.-. logy:=cosajlogtana? = Mi?£i^, 

feeco; 

the limiting value of which is 

cota?sec^a5 /•• tt 

= 7 = cos X cosec'^ a; = when a? = - • 

sec X tan x 2 

.*. (tan a;)«»« = 1 -when a? = -. 

^ .2 

1 

(77.) Find the true value of aj^-^* when a: = 1. 
1 

Let 2^ = a;^ - ^ .-. log y = log x, the limiting 

X ■" X 

value of which is 

1 

= — -• = — 1 when a; = 1 ; 

that is, 

log 2^ = - 1. 
.•. 3^ = e- 1 when a; = 1. 

F 2 
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Examples. 
Find the limitiDg value of the following expressions. 

a;^ - 14 a + 24 o 

2. -r-5 — when aj = 1. Ans. -. 
«* - 1 4 

3. ^^'^ a? - a?^ ^ten a; = 0. ^tw. oc . 

tan^ a; 2 



5. 



6. 



sm2^ + 2sin^^-2sing ^^^^^ ^ ^ ^^ ^^ ^ 

cos ^ — 008^ 6. 

log X 



^ « sin »- «n «» when « = 0. ^«*. « 

X (oos aj — cos ax) 3 

o a:^ — 3 cos^ a? 4- 3 -, ^ jo 

8. s -i— when x = 0, Ans, 3. 



aj2 



9. 



log (1 + a;) — as 



10. «n»4ai + 2ooB^«-2ooBa»^^^^^^^0 ^^30 

oos^ a? — cos^ x 

11. log (1 + a;' + <c^) ^^^^ ^ ^ o_ j^, 1^ 

sec X — cos 45 



12 



^» (a; + sina^-4sin^a;)^ ^j^^^ ^ ^ ^^ ^^^ 



128 



(3 + cos a? — 4 cos i x)^ 81 



13 .• (3 «n X - Bin 3 »)« ^j^^^ ^ ^ Q . ^^ 256. 
(sec a: — cos 2 a;)'* 

14, when x = a. Ana, • 

TT X W 

COS — 

2a 

* Expand the sines and coeines by (62) and (63) before differentiating. 
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15. p ^ when 05 = 1. Ans. oc . 

16. (cot xf"" «* when x = 0. Ana. 1. 



20. 



17. a***** when a? = oc . iltw. e. 

1 

18. (1 + a a;)* when a? =.0. Ana. e«. 
/I 1 1 i\^» 

^^^ (^^±ZjL^jh^)whena;==oc. JLn*. ABCD. 



cos 2 a; + 2 oos^ a? — 2 cos a? -}" ^ when a? = - 
sin a; — sin^ x 2 

iln«. oc . 
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CHAPTER V. 

MAXIMA AND MINIMA OF FUNCTIONS OF 

ONE VARIABLE. 

Art. 20. — We have already shown in Chapter I. how the 
value of any function of a single variable depends upon the 
value we assign to the variable. 

Now, suppose the variable to increase continuously from 
one definite value to another, and in consequence of this 
gradual change, suppose the function to be gradually in- 
creasing at one time, and at another time gradually diminish- 
ing ; there must be some particular value of the variable for 
which the fanction ceases to increase and begins to diminish. 
The correHpunding value of the function is called a maximum 
value. 

Again, Jk consequence of this gradual change of the 
variable, suppose that at one time the value of the function 
is gradually dimiuishing, and at another time gradually in- 
creasing ; there must be some particular value of the variable 
for which the function ceases to diminish and begins to in- 
crease. This value is called a minimum value of the function. 

The student should observe that the terms maximum and 
minimum values of a function do not necessarily mean the 
numerically greatest and least values of the function, as a 
function may have several maxima and several minima values. 

A maximum value of a function may be numerically less 
than a minimum value of it. 

For a particular value of the variable, a function may cease 
to increase or diminish ; but if it does not begin to diminish 
or increase respectively on passing through this value, it is 
neither a maximum nor a minimum. 
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We shall illustrate the foregoing by means of an example. 

(780 Let y = 12 a:* - 135 (B* + 680 x^ - 1170 a?^ + 1080 x. 
If X increases continuously from zero up to 4, on plotting the 
values of x horizontally and the corresponding values of y 
vertically, it will be found that when as = 0, y = 0, and that 
as x increases from to 1, the value of y increases until a; = 1. 
As X increases from 1 to 2, y diminishes, and when x = 2^ y 
ceases to diminish. As x increases from 2 to 3, y increases, 




and when a? = 3 the increment of y is zero. As x increases 
from 3 to 4, y increases : therefore, when x = 1, y is a rnaxi^ 
mum, and when a? = 2, y is a minimum, and when a; = 3, y is 
neither a maximum nor a minimum, since the increment of y 
does not change in sign as x gets greater than 3. 

Now — ^ represents the rate of increase of the function, or 
ax 

the slope of the curve, as x increases continuously, jand may 

be positive, zero, negative, or infinite, depending upon the 

instantaneous value of x. Now -=^ will be positive if func- 

dx 

tion X is approaching a maximum value as x increases, and 

will be negative if function x is approaching a minimum. 

When function x is either a maximum or a minimum, -.^ ^s 

ax 

zero. This is evident on referring to the figure, since %^ 

ax 

represents the tangent of the angle which the tangent to a 
curve mak^ with the axis of x. 
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Therefore we deduce the following rule for finding the 
values of x which make function x a maximum or minimum. 
Differentiate the function of x and equate the first derived func- 
tion to zero; the roots of this equation toiU in general render 
function x a maximum or minimum. 

It remains to find whether a given root renders function x 
a maximum, minimum, or neither. 

If an adjacent value less than the given root renders 

--^ , or first derived function of x -f-, and an adjacent value 
a X 

greater than the root renders -z^ , or first derived function of 

dx 

X — ; then that root will render function x a maximum, since 

the function is increasing, as x increases, for an adjacent less 

value, and is diminishing, as x increases, for an adjacent 

greater value. 

Similarly, if an adjacent value less than a given root 
renders first derived function x — , and an adjacent greater 
value than the root renders the first derived function x +, 
then that root will render function x a minimum, since the 
function is diminishing for a smaller, and increasing for a 
greater value than the given root. 

Again, if function a? is -f- or — for an adjacent value less 
than a given root, and also -}- or — respectively for an 
adjacent value greater than the given root, that root will 
render the function neither a maximum nor minimum, since 
the first derived function does not change in sign. 

(79.) If we dififerentiate example (78) we get 

ll = 60 (« - 1) (« - 2) (a, - 3)^ 

and. equating this to zero the roots are 1, 2, and 3. 

Ifa;he<l , + 

-1^0 
" ^ dx 
„ >1 ^"^ - 

therefore a? = 1, a maximum. 
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If«be<2 , - 

„ >2 *^* + 



therefore a; = 2, a minimnm. 

If a; be < 3 + 

« >3 '^^ + 

therefore a; = 3, neither a maximum nor minimum. 
Differentiate first derived function ; 

.-. ;j-^ = 60(4a;3_27a;2 + 58a:-39). 

Cb 01/ 

Now r-^ represents the rate of change of the slope of a 

curve at any point on the curve ; therefore, when the function 

is a maximum tlie change of slope will be negative, and 

when the function is a minimum the change of slope will be 

positive, as x gradually increases : therefore that root which 

^y . . 

renders -=— ^ negative will render function x a maaimum, and that 

d^y , , 
root which renders -r-| positive will make function x a minimum, 

and that root which renders -r-^ zero toill in general render 

dx'^ 

function x neither a maximum nor a minimum. 

Substituting 1, 2, and 3 for x, in 4 a;^ - 27 a^ + 68 aj - 39 
it will be — , + and respectively; therefore a; = 1 a 
maximum, a; r= 2 a minimum, a; = 3 neither. 

Art. 21. — In the la^t article we stated that a value of x 

d^y , 

which renders y~ zero will in general render function x 

a X 

neither a maximum nor a minimum. That value of x which 



- I 
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renders t-? zero may render function x a maximnm or a 
ax* 

minimum, as we shall now endeavour to show. 

Let a be that value of x which renders / (x) a maximum 

or a minimum ; then 

/(a+A)-/(a) and f (a ^ h) -- f (a) 

will both be negative if /(a) be a maximum, and will both 
be positive if/ (a) be a minimum. 
By Taylor's Theorem we have 

/(« +*)-/(«) = A/' («) + ^r («) + nr/'" («) + &°- W 



/(« - A) - /(«) = - A/' (a) + ^r («) - ,£ /"'(«) + &0. C8) 

In these equations (a) and ()9), if h be very small, it is 
evident that the sign of the right-band side Is the same as 
the sign of the first term ; therefore the condition for either 
^ maximum or minimum is that /^ (a) = 0, for if not, then 
f(a+h)—f (a) and f (a — h) — f(a) would be opposite in 
sign. 

... /(a + A)-/(«) = |^/"(a) + iy/"(«) 

and ' 

A2 A3 A* 

/(« - A) -/(«) = ^/"^W - g^/"(«) + jT^W - *«• 

If /.(a) be a maximum, /(a jh ^) — /(o) must be nega- 
tive ; therefore/" (a) must be negative if it be not zero, since 
}? is positive. If /(a) be a minimum, /{cb % Ji) — f{<^) must 
be positive. Hence for a maximum or minimum /^^ (a) must 
be negative or positive respectively, if it be not zero. 

Again, if/" (a) be zero, then the condition for a maximum 
or minimum is that /™ (a) = 0, otherwise /(a + ^) "* /(«) 
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and f{a — /*) —/(a) would be opposite in sign ; therefore 
for a maximum /^^ (a) must be negative if not zero, and for a 
minimum f^ (a) must be positive if not zero. 

By similar reasoning it can be shown that if n be odd, if 
the first n differential coefficients of f{x) vanish when x = a^ 
tlien\ f{x) is a maximum or minimum according as the 
(n -f- l)th differential coefficient is negative or positive, and 
if n/\DQ even, /(a) is neither a maximum nor a minimum. 
' ""(SO.) To find the values of x which will make 
y = Sx* — 8a;3 — I8a;2 -f 72 a maximmxL or minimum. 

Here 

dy 

x^ = 12 (a;^ - 2 a^ — 3 a;) = for a max. or min. 
ax ^ ' 



.*. a? = — 1, 0, or 3. 



^y 
dx^ 



= 36a;2-48a?-36. 



Ifa?=-1 T^ = +48 positive. 

iZ X 



lfa? = 



dx' 



X = — 1, a min. 



= — 36 negative. .•.'« = 0, a max. 



d^V 
If aj i= 3 -=-^ = 144 positive. .*. a; = 3, a min. 

CL X 



(81.) To find the maximum and minimum values 

x'^ "ix + e 



dy (a? - 4) (a; - 16) ^^ 

—■ = -^ — 7 — ^\-r\o — = for a max. or mm. 

dx (a? -10)2 

When a? < 4, = 4, > 4, -p +, 0, — respectively, therefore 

CL X 

a; = 4, 'a maxiiuum. 
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When a? < 10, = 10, > 10, ^^ -, a, -, therefore a; = 10 

ax 

« 

neither a max. nor min., since -j^ does not change in sign. 

dx 

When 0? < 16, = 16, > 16, -=-^ — , 0, + respectively, there- 
at? 

fore a; = 16, a minimum. 

If a; =r 4, 2^ = 1, a maximnm. If a; = 16, y = 25, a 
minimum. 

In this example the maximum is less than the minimum 
(see Art. 20). 

It would be interesting to plot on squared paper the curve 
representing the relation between y and x, observing what 
occurs as x gradually increases from up to 20. 

(82.) Divide a line into two parts such that the 
rectangle under them may be a^ maximnm. 

Let a denote the line. Then, if x denote one part, a — a; 

will denote the other part, and a; (a — a;) is to be a maximum. 

d y 
Let y = X (a — a). Therefore r-^ = a — 2aj = for a 
^ '^ dx 

maximum. 

.*. a; = -, that is, the line must be bisected. 

(83.) Find two factors of a, so that the sum of 
their squares is a minimum. 

u 

Let X denote one factor, then - denotes the other factor. 

X 

a^ . 

Therefore w = aj^H — ristobea minimum. 

dy ^ 2 a^ ^ _ . . , — 

—^z=z2x o- = for a mimmum. .•. x = V cu 

dx ar 

>/ (84.) The strength of a rectangular beam of given 

' length and material and loaded in any particular 

way, is proportional to its breadth and to the 

square of its depth. What is the breadth of the 



TflE DIFFERENTIAL CALCULUS. 



77 



strongest beam that can be cut firom a cylindric 
tree of 12 inches diameter P 

Let X denote the required breadth in 

inches; then ^12^ — x^ will denote the 

depth. The strength is proportional to 
a? (122 - g,2y 

Let y = a;(122-aj2). 




• • 



dx 



= 144 — 3 35^ = for a maximum. 



Fig. 7. 



.*. a? = 4 V3 inches, and depth = 4V 6 inches. 

y^ (85.) To find the depth of the stiffest beam that 
can be cut from a cylindric tree 12 inches in 
diameter and of given length. Stiffiiess is pro- 
portional to the breadth and to the cube of the 
depth. 

Let X denote the required breadth ; then V lli^ — x^ will 
denote the depth in inches. 

The stiffness is proportional to a? (12^ — a;^)!. 
Lety = x (122 _ ^2^j^ 

. • . v^ = (122 _ a.2)j _ 3 a;2 (122 _ a:2)i = for a maximum. 

CL OS 

Therefore 144 — 4aj2 = 0. .•. x = 6 inches, the required 
breadth ; therefore the required depth is 6 V 3 inches. 

<2 

(86.) If C2 r + - is the total waste per mile going 

on in an electric conductor (r ohms resistance per 
mile)^ due to heat^ interest and depreciation^ find 
the relation between C, r and t when the waste is 
a minimum. 

<2 

Let y = O^r -{ — , C and t being constants. 

T 

- - = 02 ;, = for a minimum. 

dr H 

Therefore C r = <. 
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Lord Kelvin's rule is C r = 17, where C is the current in 

amperes, r the resistance in ohms per mile of conductor. The 

numerical value of r in terms of the crossHsectional area a of 

•04 

conductor is , approximately. 

ct 

C 
.'. a = 



425 



For a minimum cost the carriage is therefore 425 amperes 
per square inch of cross-sectional area of conductor. 

(87.) To find the proper section of a conductor to 
transmit a given power of P watts over a distance of 
n miles^ taking into account the drop in potential 
due to tiie distance. 

Let V^ be the potential at the generator, and V the po- 
tential at the motor, r tho resistance in ohms per mile, 
therefore the total resistance is n r. V^ — V = drop in volts 
— nrC, where C is the current in amperes ; therefore 

V = V,-nrC, andP = C(V,-nrC); 
therefore 

cv-p 

Sabstitnting this value of r in the rule for waste, 

r 



we have waste 



^- C'(CV,-P) , <'« 



c» 



We want the waste to be a minimum, being the indepen- 
dent variable, Y,, P, n, and t being constants, 

. dW \ 2n<'0(CV, -P)-V,<'nC» _ . 
' ' dG « ■*" (CV, -P)« 

for a minimum, therefore 
V, (C V, - P)2 + 2w>fiCiGY, - P) - V,««n*C^2= 0. (a) 



/ 
f 



/ 
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We add a numerical example for the student to work 
out. 

Let P = 120000, n = 5, V, = 2000 and t = 17. 

G 

Substituting these values in (a), we get C, and a = - -, 

-which gives the cross-section of the conductor. ' 

(88.) If V be the velocity of an ocean current in 
knots, X the velocity of a ship through the water in 
knots, and if the quantity of fuel burnt per hour be 
proportional to x^ ; find the velocity of the ship so as 
to make the consumption of fuel a minimum for any 
given distance traversed. 

The velocity of the ship relatively to the still water is 

X ^ v; the time occupied by a journey of a miles is ; 

a; — i; 

the fuel burnt per hour is c x^ where c is a constant. 



c x^ 8 x^ 



Total fuel = or a 



hence 



X — V X — V 

is to be a minimum. 



a; — t; 



Lety = . .-. -j^ = ) (^ = Ofora 

» — t; ax {x " vy 

3 

minimum. This gives x = -v, 

' (89.) Given n voltaic cells of E.M.F. e, and internal 
resistance r, to find the way in which they should 
be arranged to send a maximum current through a 
given external resistance K. 

Let X cells be placed in series, tlierefore - wUl be in 

X 

parallel. The total E.M.F. = a; 6 and the total resistance 
aj^r . ^ ., « ., . ^ xe 



+ E ; therefore the current I = 



n 
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dl 
dx 



e 



(>4r,B)-..e-y) 



= for a maximum. 



This gives E = 



n 



that is, arrange them so that the 



external resistance may be equal to the internal resistance. 
(90.) A man is at sea 4 miles distant from the 
>- nearest point on the land, and he wishes to get to 
a place 10 miles distant from the nearest point, the 
road lying along the shore and being straight, so 
that he can row or walk. Find at what point he 

must land in order to get to 
this place in a minimum time. 
He rows at 3 miles per hour 
and walks at 4 miles per 
hour. 

Let X denote the distance in 
miles from the nearest point, D, to 
C, the point where he must land ; 
then 10 — a; will denote the dis- 
tance in miles he must walk. 




Fig. 8. 



The time in hours t = 



Vl6 + aj2 10 -a? 
o + — i 



dt 
dx 



X 



3 Vl6 



X 



T = for a minimum. 

2 4 



16a;2 = 9(16+a;2). 



x= -— V? miles. 

7 



(91.) To find the greatest cone that can be in- 
scribed in a sphere of given radius r. 

Let the height of the cone be x + r; then the radius of 

its base is Vr* — x'^, and its volume 



TT 



V = - (a; + r) (r* - a,"), 
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-— = - (r^ — 2 r a? — 3 oj^) = for a maximum. 

ax S^ ' 

r . . 4 

.•. a: = ^, therefore the height is - r, and the volume 
o o 

32 7rr3 
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(92.) To find the length of the arc of a sector 
which must be cut from a circular piece of sheet 
iron so that the remainder may form a conical vessel 
of maximum capacity. 

Let r denote the radius of the circular piece, and let x 
denote the semi-vertical angle of the conical vessel. Its 
height will therefore be r cos x, the radius of its base r sin oj, 

and its volume V = - r^ sin^ x cos x, 

o 

Let y = sin^ x cos x, .•. -r^ = 2 sin x cob^ x — em^x = 

ax 

for a maximum. .•. tan a? = V2. .*. sin a; = Vf, and the 

circumference of its base is 2 tt r Vf ; therefore the arc of the 

sector = 2 Trr (1 — Vf ). 



Examples. 

1. y = 4 aj3 _ 3 aj2 _ 18 ar. 

. jaj = — 1, a maximum. 



f , a minimum. 



[x = 

2. y = 2 a;3 - 9 aj2 + 12 a? - 4. 

fa; = 1, a maxi 
la? = 2, a mini] 

a.2 _ 7 a; + 6 



J fa; = 1, a maximum. 

minimum. 



S. y = 
Ana 



a;- 10 
= 4, a maximum. 



fa; = 4, a 
' la; = 16, 



a minimum.' 



1 
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3 X 

A (o; = 3, a maximum, 
la; = — 3, a minimum. 

logos 

X 

Am. a; = e, a maximum. 

1 

6. y = a^. 

Ana. X = e, Sk maximum. 

7. y = ae^* + ce-^. 

ilfw. 0? = r-T log (-)> a minimum. 

8. y = (« + a?)(^ + g) 

a: * 

Ans. X = *J ahydk minimum. 

*>i 9. Two trains are running uniformly at the rate of 
30 miles and 40 miles an hour along lines at right angles to 
one another. Show that if their distances at one time from 
the point of crossing of the lines be 30 miles and 20 miles 
respectively, the least distance between them is 12 miles. 

10. Find the inclination of a smooth plane so that a body - 
sliding down it may pass over a given horizontal distance in 
the least possible time. 

Ana, 45°. 

11. y = sin® X cos x. 
Ana, Tana; = >/6, a maximum. 

sin^ X 

12. y = . 

^ 1 — cos X 

Ana. a; = -, a maximum. 

o 
o 

13. y = 



i 



1 + X ^ X^ 

Ana. a; =r ^, a minimum. 
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14. Find the cone of maximum volume that can be in- 
scribed in a hemisphere of radius r, its vertex being at the 
centre of the sphere. 



Ans. Vol = 



27 



15. Find the cone of minimum volume that can be 
described about a given hemisphere. 



Ana. Vol = 



TrrVS 



1 6. The area of a rectangle is given ; find the ratio of the 
lengths of two adjacent sides if the sum of three sides is a 
minimum. 

Ans. 2 : 1. 

17. Find the cone of minimum surface that can be 
described about a given hemisphere. 

Aim. Vol = — -— . 

,1 18. Find the height of the flame of a lamp standing on the 
^centre of a round table 4 ft. in diameter, so that a given 
horizontal area at its edge may receive the greatest illumina- 
tion I from it. The intensity of light varies directly as the 
• sine of the angle which a ray makes with the plane of 
the table, and inversely as the square of the distance. 

An8. Height = 12 V2 inches. 

19. Find the greatest cylinder that can be inscribed in a 
given hemisphere. 

2 V3"7rr3 



Ans. Vol = 



9 



^ 



20. A line A B is terminated by the axes of X and Y and 
passes through a fixed point F, whose distances from the axes 

6 2 
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of X and Y are 5 and 3 respectively ; find its direction when 
A P^ + B P^ is a minimum. 



-^-Vlwi 



Ans, Tan - ^ — k/ « with axis of X. 

^ 21. Find the dimensions of the strongest rectangiilar 
beam of given length that can be cnt from a cylindrio tree of 
a feet in diameter. 

a V 3^ 



Ana. Breadth = 



Depth = 



3 
a a/~6 



i 



i 



22. Find the stifiest beam that can be cnt from the tree 
mentioned in Example 21. 

Am. Depth = — - — . ^ 

a 
Breadth = -. 

23. Find the proper section of a conductor to transmit 
60,000 watts over a distance of 10 miles, the potential at the 
generator being 2000 volts. (See Example 87.) 

Ana. • 076 sq. inch. 

24. At what distance from the wall of a house must a 
man, whose eye is 6J feet above the ground, station himself, 
in order that a window 5 feet high, whose sill is 20^ feet 
above the ground, may subtend the greatest vertical angle. 

Ana. 10 V 3 feet. 

25. Given the length of an arc of a circle Z, find what 
portion of a circle it must be so that the corresponding 
segment shall be a maximum. 

Ana. Z = TT r, where r is the radius of the circle. 
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CHAPTER VI. 

DIFFERENTIAL COEFFICIENT OF A FUNC- 
TION OF TWO OR MORE VARIABLES, AND 
OF IMPLICIT FUNCTIONS. 

Abt 22. — ^Let v =:f(x, y) where x and y are both variables, 
and snppose x and y to receive finite increments 3 x and S y 
respectively, and let 8 v denote the corresponding increment 
of V, We have 

V + Sv =f(x + Bx, y + $y). 

.'. Bv =f(x + Sx, y + Sy) -/(a?, y) 

= /(a? + 8x,y + 8y) -/(a?, y + By) +f{x, y + By) -/(a;, y) 

{f(x + Bx, y + 3y) -/(a;, y + Sy)} , 
= Sx ^^ 

, {f{x,y + By)^f(x,y)} 

+ ^ Sy- 

Suppose Bx and By, and consequently 8t7, to diminish 
indefinitely; therefore 

, {f{x + dx, y + d y )''f(x, y + dy)} 
dv= ^^ dx 

, {f(x,y + By)-f(x,y)\ 
+ f^ dy, 

that is. 



1 
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where 

(dv\ ^ /(a; + dx, y + d y ) - f(x, y + dy) 
^da?/ dx 

_ f{x + dx, y)-f{iicy) 
dx 

when dy is indefinitely small. That is, \-t-) is the differ- 
ential coefficient of /(a;, y), treating y as a constant, and 

(^\ _ /(a?> y + ^y) -/(a?, y) ^ 

\dy) dy 

that is, the differential coefficient of /(a;, y\ treating a; as a 
constant. 

f -=- j and (;r-) are called the partial differential coeffi- 
cients of /(«, y) with respect to x and y respectively, and dv 
is the complete differential of /(a;, y\ when x and y both 
vary. Therefore the complete differential of a function of 
two variables is the sum of the differentials of the function 
with respect to the two variables. 

(93.) Let 

i; = a a?* + 2 6 a?y -|- cy^ ; 

therefore 

dv = 2{ax + 6y)da; + 2{bx-\-cy)dy. 



Here 



(j-j<la;= 2{ax •\~hy)d 



x 



and 



(94.) Let 
therefore 



(^)^y=2(ta? + cy)dy. 

t; = a; sin y ; 
dv = sin y da; + xQO&ydy, 
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(95.) Let 

therefore 

dv = nx'^''^f/^dx + mf/^-'^Xndx. 

Abt. 23. — If V = f(x, y, z), and if a;, y and 2 receive finite 
increments^ Sx, Sy and 8 2;, and in consequence let v become 
V + 8v; therefore 

V + Bv =f{x + SXi y + Sy, z + Sz); 

therefore 

Sv=f(x + Sx, y + Sy, z+Sz)-^f(x, y, z) 

==f(x + Sx, y + By, « + 8«)-/(«, y + Sy^ z + Sz) 

+ f(^9 y + 8y, 2 + 82) -/(«, y, 2 + 82) 

+ /(», y, « + 82) -/(a?, y, 2) 

^ {f(x+ix, y + By, z + Sz)^f(x, y + Sy, z + Sz] ^^ 

dx 

{f(x, y+8y, z + Sz)^f(x, y, z + Sz)} , 

. (/(a?> y» 2 + 82) -/(a?, y, 2) ^ 

+ Tz ^^' 

that is. 



C-^^'+S-^'+G^)^- 



dv = 

Xda?/  \dy 

when SxjSy and 82 become indefinitely small. 

Similarly, we could extend this process of reasoning to a 
fonction of any number of yariables. 

Let »=/(», y, 2, • . . .), therefore, 

(96.) Let 

a^ ^ A^ -f c2' 
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Art. 24. — In the equation (a) of Art. 22, if r = o, we have 
/(^» y) = 0, and we say that x is an implicit function of y, or 
y is an implicit function of x. Since / (x, y) = for all 
values of x and y^ therefore, 

f{x + Soj, y + By) = 0, hence dv = 0, 
therefore 



(p>-<^)''-'- 



therefore 



y 

'dv 
dx 



dy \dx/ 



(dO 



(97.) Fmd||.giyen^;+|-;-l=0. 



Here 



dv^2x - dv _^2y 

di " ^2' "^^ Ty' h^' 



therefore 

dy _ h^ X 
dx a^ y 

(98.) To find -=— where v = y^ +z^ + Sayzt and y = tan x 

z = o*. 
Here 

and since y and 2 are functions of x, 

dv ^ /dv\dy f^^\ ^ ^ 

dx " \dy/ dx \dz) dx ^ ^ 

Now 
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and 

d z . 

-=- = a* log a. 

dx ^ 

On substituting in (a) we get 

d v 

-— = 3 [{y^ + CLz) seo^ x + (z^ + ay) a* log a}. 

.-. -^ = 3{(tan2a; + a» + i)sec2iB + (a2» + atanaj)a«loga}, 

(99.) Let « = tan ~ ^ ( - )> where z = f{x), and y = ^ (a)» 
find rr-. 

'^*'- ^ :. and ^^ 



dz y^ + z^^ dy y^ + z^' 

Substituting these values in (a) of Example (98) we get 

>g2 ^_ ««2 ^ ^ 

(100.) If » = -= — ^, find r;-, where y and 2 are functions 

2+y 005: 

of a?. 

We have 

da; "" Vda;/ dx \dy/ dx' 

Here 

d» 4y^ z .dv^-^^yz^ 

di ^ W+W ^ ~ W+ff' 

dv 4 y^ z d z 4 y z^ dy 

•'• dx"^ {z^ + y^y d^~ (z^ + yy dx 

where y =f(x) and « = <^ (x). 
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(101.) Given x^y - f = 0, find ^ • 

Here 

a y log X = hx log y ; 
therefore 

dy . , ay , - , hx dy 



dy / . hx\ ,, ay 

. -(alosx--) = blogy--. 



dy f ,^^ _ hx'' 

y 

dy __hxy log y ~- ay^ 
dx axy log X — hoci^' 

ExASiPLES. 

z — y 

1. If r = — — ^ , prove that 

z + y ^ 

^^_ 2(ydz'-zdy) 

2. Ifi?= -^, prove that 






that 



3. If «? = tan ~ ^ I - )» prove 

^^^ ydz^zdy 

y^ + z^ 

4. If r = a*y*, prove that 

dv = a*y* log a (xydz + xzdy -{-yzdx), 

5. If «? = a* + y + ', prove that 

eit; = a* + y + *logo (dx + dy + dz), 

6. If » = sec ~ M -) where y = </> («) and z = /(a?), prove 

that 

dv 
dx 



1 j ^(a;)/'(x)-/(«)^'(a;) > 
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7. If » = A /-o— -^ , prove that 
V a?^ + y^ 



x^ y 

8. If « = ^3 ) prove that 

, ^2xydx + x'^dy.2a^yzdz 

9. If » = log tan (- j, prove that 

, 2 ydx — 2xdy 

«2gui 
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CHAPTER VIL 



Abt. 25. — Maxima and Minima of Functions of 

Two or Three Variables. 

By an extension of Taylor's Theorem it can be proved that 

+ &c (A) 

Space does not permit us to give the proof of this expan- 
sion, and we therefore refer the reader to more advanced 
treatises on the subject. 

Now, t; — "^ means that / (a?, y) is differentiated, first with 
ax ay '' ^ "' 

regard to y treating x as constant, and the result differenti- 

ated with regard to a?, treating y as constant. ^ means 

that / (a;, y^ is differentiated first with regard to y treating a; 
as constant, and the result differentiated twice with regard 
to X treating y as constant, &c. If/ (a;, y) be a maximum or 
a minimum when x ^ a and y = 6, therefore by similar 
reasoning to that given in Art. 21, it follows that 

/(a±a,6±^)-/(a,6) 
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must be negative or positive respectively ; and when a and p 
are very small, the sign of the right-hand side of A is the 
same as the sign of 



therefore 

otherwise 
and 



^=0 and ^=0, 
ax ay 

f{a + a,b + p)-f{a,h) 

/(a-a,h-p)-f(a,l,) 



would have opposite signs. Again, for a maximum or a 
minimum 

„.|!/+2a^/f +^^ . . (B) 
dor '^dxdy^dy^ ^ "^ 

must be negative or positive respectively, if not zero, for very 
small values of a and p. 

Denoting the diflferential coefficients -^-^ -= — — and — 4 

dx^ dx dy d y^ 

by X, Y and Z respectively, we have 

a^ X + 2a/3Y + )82 2 instead of (B), 
that is, 

|j(x| + Y)VxZ-4 

In order that this expression may be always positive or 

negative for small values of a and j8, it is obvious that X Z 

— Y^ must not be negative ; therefore the condition for a real 

d^ f d^ f 
maximum or minimum is that -=-^ X -t-4 must be neater 

dx^ dy^ ® 

than or equal to ( ■= — 4- ) • 

\dxdy/ 

If this condition be satisfied, / (a;, y) will be a maximum 

d"^ f 
or minimum, according as X, that is, -j—^ is negative or posi- 
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tive ; since [ X -^ + T j is always positive and also ^ is posi- 
tive. 

Therefore we must have the following conditions satisfied, 
if/ {x y) be a maximum or minimum. 

¥.-' » 

§i=« <^) 

-r-=^ = negative quantity for a maximum . (3) 
-r-^ = positive quantity for a minimum . (4) 



and 






\dx dv/ 



dx^ dy^ \dx dy> 
must not be a negative quantity (5) 

be neither a maximum nor a minimum. 

(102.) To find the maximum or minimum value 
of V = x^ + y^ ^ 4ax ^ 6hy, 

Here 

dv ^ , ^ 
-3- = 2a; - 4a = 
ax 

and 

dv 

-^ = 2« - 66= 

dy ^ 

for a maximum or minimum. Therefore 

X = 2a, and y = Sh, 
.-. v= - (4a2 + 9 62). 

3—5 = 2, a positive quantity, and = — =— = 0. 
dx^ ^ 1 ./» ^xdy 

Therefore <? = — (4 o^ + 9 6^) is a minimum value. 
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(103.) To find the point the snin of the squares 
of whose distances from two given points (ai, &i) 
and (a^, h^ may be the least possible. 

The result is evident, but we give it as an illustration of 
the rules employed. 

Let («, y) be the required point ; then 

« = (a? - a;f + (y - h{f + {x ^ a^f + (y - h^f 
is to be a minimum. 
du 



dx ^ ^ 



^ = 2y-6,-5, = oJ 



and 

d 
d 
Also 

-=—2 = 2 a positive quantity, 
a X 

and 



for a minimum. 



= 0. 



dx dy 

Therefore tt is a minimum, and the co-ordinates of the re- 
quired point are 

ttl + 02 ^, _ ^1+^2 

that is, the middle point of the straight line joining (a^, 6^) 
and (og, \). 

Abt. 26.— Maxima and Minima of Three Variables. 

If/ (a + a» y + i8> « + y) 1^ expanded in powers of a, /8 
and y, by an extension of Taylor's Theorem, we have 



2 dx 2 dy^ 2 dz^ "^dxdy ' dxdii 

+Py^z + ^ (^) 
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By taking a, )3, y small enongli, tlie sign of the rigHt- 
hand side of A will depend upon that of the terms involving 
only the first powers of ci, )3 and y ; therefore for a maximum 
or minimum, 

ax ay ' dz 

and since a, p and y are independent of each other, it follows 
that 

d f ^ d f ^ d f ^ ,_- 

dx^ dy dz ^ ^ 

These three equations will determine the values of a;, y 
and 2, which will make / (a:, y, 2) a maximum or minim iim, 
if such exist. By reasoning similar to that given in the last 
article, the conditions for a maximum or minimum are that 

P Q > B'2, and 

P{PQB + 2FQ'B'-PF2-QQ'2_BB'2}>0 

where 

^-dx'" ^~dy^' "~d«2' 

F = -^, Q' = -^^, B'= ^^ 



dydz^ dxdz^ dxdy' 

d^ f 
For a maximum -^— ^ must be negative. 



dx 
„ minimum „ „ positive. 

Art. 27. — ^Undetermined Multipliers. 

Let V =f(x, y, «) be a function of three variables, x, y, a?, 
which are connected by the equation ^ (x, y^ 2) = 0, it is 
required to find a maximum or minimum value of v» 

For a maximum or minimum 



F 
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and from the equation <^ {x, y, z) = 0, we have 



^^-Hi^hnfy-"-  <»> 



Multiply equation B, by X, an arbitrary constant, and add 
the result to A ; thus 

{C-5+Hrt)l<''+{(f>H§-t)M»+l© 



+ x(yjU. = o. . . . . (C) 



Since A is an arbitrary constant, we may give to it such 
a value that 

'd v\ (d <j6' 



©+KD}=». 



therefore C becomes 



!Q+Ki-:)H'+iG-:)+K'i?)}'"=»- <»> 



and since y and 2 may be considered independent variables, 
because y and z can be expressed in terms of x by means of 
equations v = /(a?, y, z) and </> (x, y, z) = 0, it follows that 






Therefore we have the three equations 

'dv\ (d <!>' 



\d x) \d x) 
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together with <^ (a?, y, 2;) = for determining the values of 
X, y, z and X. 

(104.) To find the rectangular parallelopiped of 
maximum surface that can be inscribed in a sphere 
whose equation is 

aj2 + y2 + Z2 = r2 (l) 

The surface is 

S = S(xy + xz + yz), • . . (2) 

where 2x,2y and 2 z are the lengths of its three coterminous 
edges. 

By equations (1) and (2) we have 

xdx + ydy + zdz = 
and 

(j/ + z)dx + (x + z)dy + (jf + x)dz=0 

for a maximum ; therefore 

y + 2 + X{r = . . . . (a) 

X + z -^ \y = . . . . (6) 

X + y + Xz = (c) 

Multiplying (a), (5) and (c) by a?, y and z respectively, 
and adding, we get 

2(xy + xz + y z-) + X{x^ + y'' + z^) = 0, 
that is, 

4 

This determines X, and by means of equations (a), (6) 
and (c) it is evident that x = y = z; therefore the required 

2 r 

rectangular parallelopiped is a cube whose edge is 2 a; = — = » 

by equation (1). 

(105.) To find the volume of the greatest rect- 
angular block that can be inscribed in the ellipsoid 

whose equation is 

x^ y^ z^ 

T7 H — ii + -^ = 1 (a) 



w 
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Let 2x, 2y and 2 z denote the lengths of three coter- 
minous edges of the block ; then its volume 

Y = Qxyz, • . . • . (h) 

From (a) and (6) we get by differentiating 
2xdx 2ydy , 2zdz 

and 

yzdx + xzdy + xydz = 

for a maximum ; therefore 



and 



yz + X^ =0, xz + X^ = 



xy + X-^ =0. 



Multiplying these three equations by x, y and z respec- 
tively, we have 

xyz + X-^ = (a) 

xyz + X^ = (h) 

z^ 
xyz + X-^=0^ . . . . (c) 

and on adding (a), (V) and (c) we have 

that is, 

therefore 

3V  



X= - 






8 



H 2 
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3 V 

Substituting — for A in (a), (6) and (c) we get 

o 
21 ^ 2m ^ ^ 2n 
V3 ^ V3 V3 

therefore the maximum volume is 

Slmn 



V = 



3V3 



(106.) To find tlie minimum value of 

subject to tlie conditions 

Ax + By + Gz=zI>. 

Here 

du = 2axdx + 2hydy + 2czdz = 

for a maximum, and 

Adx + Bdy + Gdz = 0; 

therefore 

2ax + \A = 0, 2hy + \B = 0, 2c2 + AC = 0. 

Hence 

2(ax^ + hy^ + cz^) + X(Ax + By + Cz) = 0, 

that is, 

2tt + XD = 

2tt 
... A=--. 

Substituting for X in 

2ax + \A = 0, &c., 
^ : Tf e get 

: 2ax = , 



I 



THE DIFFERENTIAL CALCULUS. 101 



Similarly, we get 



and 



• 


. X 






ax^ 




b 


y' = 


bB''' 


/» 


«« — 


M*C» 



cD2' 



and on adding we have 

2 _L I. 2 I. 2 «V^' , ^ V C'\ 



A2 B2 C2 

T + y + 7 



(107.) To find the dimensions of a cistern of mazi- 
mnm capacity that can be formed out of 300 square 
feet of sheet iron^ there being no lid. 

Let X denote the required length, y its breadth and z its 
depth, all in feet. Then 

xy + 2xz + 2yz = 300 = A, say, 

and tt = a?^2;istobea maximum. 
From these equations we get 

(y + 2z)dx + (x + 2z)dy + (2x + 2y)dz = 0, 

and 

yzdx-\-xzdy-\-xydz = 

for a maximum. Hence 

y + 2z + \yz = 0. . . . (a) 

X + 2z + \xz = . . . . (6) 

2x + 2y + \xy = (c) 
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Multiply (a) by x, (h) by y and (c) by z, and add ; there- 
fore 

2xy + 4xz + 4yz + S\xyz = 0; 
that is, 

2A + 3Xtt = 0. 

2A 



• * • A — ■" 



3tt 



Substituting for X in (a), (6) and (c), we get 
3xy + 6xz = 2A, Sxy + 6yz = 2A, 6xz + eyz = 2A. 

Hence 

X = y = 2z. 

If we substitute for y and z in terms of x in the equation 

a?y + 2a:« + 22(2 = 300, 

we get 

X = 10 = y, and z = 5, 

Therefore the cistern of maximum capacity will be 10 feet 
long, 10 feet broad and 5 feet deep. 

(108.) To find the triangle of minimum area 
which can be described about a circle of radius r. 

The area of the triangle is = ;r (a + & + c), and since r 

is constant the area will be a minimum when a + 6 + c is a 
minimum. It is easy to show that 

a = r(cotiB + cotiC) 
h = r(cotiA+ cotiC) 
c = r (cot J A + cot i C) ; 

therefore the triangle will be a minimum when 

2 cot i A + 2 cot ^B + 2 cot i C 

is a minimum. 
We have also 

A + B + C = 180°, 
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tlierefore by differentiating we get 

cosec^ i A ^ A + cosec^ j^ B d B + cosec^ ^CdG = 

for a minimum, also 

dA + dB + dO = 

.•• cosec^ J A + A = 
cosec^iB + XrrO 
oosec^ i C + A. = 0. 

This leads to A = B = C, therefore the minimum triangle is 
equilateraL 

Examples. 

1. Three cubic feet of lead are to be formed into the 
lining of a rectangular cistern, the thickness of the lining is 
to be ^ inch. Find the dimensions of the cistern so that it 
may have a maximum capacity, there being no lid. 

Ans. Length = breadth = 9-79 feet. Depth = 4-89 feet. 

2. Find a point within a triangle, such that the sum of 
the squares of its distances from the three angles is the least 
possible. 

Ans, The c. g. of the triangle. 

3. Find the minimum value of x^ y^ z subject to the con- 

dition — I 1- - = 1. 

X y z 

Ans. When?^ = ^?=f-=6, 

4 o 6 

therefore x^y^z = 4147200. 

4. Given the sum of the three edges of a rectangular 

blocks find its dimensions such that its surface may be a 

maximum. . . . 

Ans, A cube. 

6. Find the maximum value of v when c = x'^y^ «*, and 
2a5 + 3y4-4z = c. 

Ans. (Ij.^ 
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6. Divide .a line a feet long into three parts, a:, y and z, 

such that the sum of one-half the rectangle x y, one-third 

the rectangle x z, and one-fourth the rectangle y z shall be a 

maximum. 

4 21a 20 a , 6 a 

Ana, X = — — -, y = — — and z = — . 

47 ' ^ 47 47 
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CHAPTEB VIII. 

TANGENTS AND NORMALS TO PLANE 

CURVES. 




Art. 28. — Let P and Q be two points on a plane enrve 
A B, and suppose the point Q to move up indefinitely near to 
P, the straight line drawn through 
P and Q, when indefinitely near, is 
called a tangent to the curve at the 
point P. 

Let (x', f) and (a", y") be the 
co-ordinates of P and Q respec- 
tively; then the equation of the 
straight line passing through P 
and Q is 

»-2^ = &^ (*-*')• 

When P and Q are indefinitely near tf^ — yf = dy and 
oj" — a/ = (i a, therefore the equation of the tangent to a 
curve at a point {x\ y') is 



Fig. 9. 



2'-2'' = f|(^-^')- 



W 



(109.) To find the equation of the tangent to the 
curve whose equation is a;^ -f- jr* = *'^j at the point («', y'). 
From the equation to the curve we have 

dy ^- «' I / t- 



dx 



X 

y 



y 



/» 



K-J - 



at the point (x\ y). 
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Substituting in (a) for -~ we get 

y-y = - -,(.<»- «). 

that is, 

y y' + a oj' = a'^ + y'^ = r^. 

Therefore the equation of the tangent to the curve a;^ + y^ = r^ 
at the point (x'j y') is 

XX +yy' = r^. 

Art. 29. — The normal to a curve at the point (x', y') is the 
straight line drawn through the point perpendicular to the 
tangent at that point. Its equation is therefore 

^"^'="fi*^^"^'^- • • • W 

(110.) To find the equation of the normal to the 
curve a?2 4- y2 = i^ at the point (x\ y'). 
From the last example we have 

j^ = ; at the point (a/, y'), 

u X y 

and on substituting in (fi) we have 

y - y' = I (« - «')» 

which reduces to a? y' — a;' y = 0, 

(111.) To find the equations of the tangent and 
normal to the curve whose equation is 

ax'^ + 2Jixy + by^ = hy 

at the point (x\ y'). 

By Art. 24, 

du 

dy ^ dx 

dx" ^ du 

dy 



w 
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d ti 
Substituting for -^ in (a) we have, for the equation of the 

tangent, 

0-y')f- + (*-'»')^ = o. . . (S) 

^ ay ax 

Now, 

^'^ = 2(hx' + hj/), and p^=.2(ax' + hy'); 
ay ax 

therefore the equation of the tangent at the point (a/, y') is 

(aa^ + hy') x + (hx' + by') y = Jc. 

The! equation of the normal at the point (x\ y') is 

/ ,^ du / r\ du ^ 

dx dy 

that is, 

(hx' + hy')x - (ax' + hy')y = h(x'^-y'^) - (a"h)x'y\ 

(112.) To find the tangent and normal to the 
curve x^ y^ = c, at the point (a/, y'). 

Here we have n log x + m log y = log c ; therefore 

n dx m dy 

» y ^ 

that is, 

^ = ^ at the point (x\ yT), 

dx mx' ^ V. >ify 

On substituting in the formula (a) we get 

nx , my 
x' y' 

The normal is given by formula ()8), which leads to 

mx ny ma/ ny' 
y' ^ x' " y' a/ * 
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and 



Art. 30. — Subtangents and Subnormals. 

LetEPT represent the tan- 
gent to the curve AB, at the 
point P, P F the normal, P D the 
perpendicular on the axis of X. 

Then ED is called the sub-- 
tangent, and D F the subnormal. 

Denoting the angle P E D by 
^ = D P F, we have E D the sub- 
tangent = D P cot 0. 

d X 

the subtangent = y 3-7. • • C^) 




dy 



D F the subnormal = y ^ * 

dx 



08) 



(113.) Find the subtangent and subnormal to the 
curve y^ = 4 a aj, at the point (x', y'y 

Here -^ = — = -^ at the point (x\ y'). 
dx y 2x 



Substituting in (a) we get 



2x' 



Subtangent = y' X — r = 2 x', 

that is, the subtangent for this curve, which is a parabola, is 
always double the abscissa. 

The subnormal = y X ^r—f = K~ = 2 a, 

2 X AX 



that is, the subnormal is constant and equal to twice the 
distance of the focus from the vertex. 

(114.) Find the subtangent and subnormal to the 
curve whose equation is y = c^*. 



w 
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Here rr^ = a e®*. Therefore 
ax 

11 

Suhtangent = e** X = -» 

and the 

Suhnormal = e** x a e<** = a e^**. 

(115.) Find the subtangent and subnormal to the 
catenary whose equation is 



Here 



Therefore the 



X X 

1 " --i 



and 



dx 



Subtangent = a ^ ^ » 

2» 2x 

Suhnormal = ||e*-e «|. 



Art. 31.— In Fig. lO of the last article, P E is called the 
length of the tangent and P F the length of the normal. 
Now, 

PE = j^cosec = y /y/l + (j^y* 



... Tangent = y^{l+(^y I 



And 



P F, the Normal = y ^ jl + (||)'| • 



(116). Find the tangent and normal to the cate- 
nary^ 
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Here 

dy 1 ) - 



5l = 2{^r^"1 



therefore 



(SB _*\^ 

e« 4- e «/ 



Tangent = ^ "^ 



{as a>^ 



Normal = « |** + ^""^f V ^ + i v* — «" V 



». 2 



= j{eS + e »| 



a 



Examples. 

1. Find the equation of the tangent to the parabola 
^^ = 4 a a;, at the end of the latus rectum (x = a). 

Ana. a? — y + a = 0. 

2. Find the equation of the normal to the parabola 
2^2 = 4 a oj, at the end of the latus rectum. 

Ana. aj + y — 3a = 0. 

3. Find the length of the subtangent and subnormal to 
the parabola y^ = 4 a a?, at the point (a; = a). 

Ana. Subtangent = 2 a. 

Subnormal = 2 a = constant for all points on 
the curve. 

4. Find the equation of the tangent to the curve y = a*, 
at the point x = x^. 

Ana. y = a*' {(a? — x^) log a +.1}. 
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5. Find the equation of the tangent to the ellipse 
^ + ^^l.atthe point |^^^^^_^[. 

Ans, hex + a V(l — e^) 2^ — a 6 = 0. 

6. Find the length of the snbtangent and subnormal to 
the ellipse mentioned in Example 5, at the point x =z ae^ 
y = h ^/l — e\ 

Ans. Stibtangent = ~ (1 — c^). ^ 

Subnormal «= — • 

a 

7. Find the equation of the tangent to the curve x^ y^ = c, 
at the point x == 1, y = V c. 



Ana. y + J- i/cx = Vcfl + r) 



8. Find the equation of the tangent to the curve 
ajl + ^ = c^ at the point x = a. 

Ana. (ct — a^)T x + a^ y = (ci '- a^)^ c* aK 
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ff 



CHAPTER IX. 



RADIUS OP CURVATURE OP PLANE CURVES. 




Abt. 32. — ^Let A B (Fig. 11) be part of a plane carve, and 
let P 0', Q 0' be two normals at the points P and Q inter- 
secting at 0'; then if Q ap- 
proaches indefinitely near to 
P, 0' P and O' Q will be equal 
to one another, and the circle 
described with 0' as centre and 
radius O' P is called the circle 
of curvature. O' P is called the 
^ radius of curvature, and 0' the 
Fia. 11. centreof curvature of the curve 

A 6 at the point P. 
Denoting the arc "PQhj da, the angle "P O'Qhj dO, and 
O' P by>, then 

ds = rdOy 

or 

1 dd 

r = d7 W 

Now, is the angle which the tangent, at P, makes with the 
axis of X, and dO iq equal to the angle between the tangents 
at P and Q. We have also 

dy 



dx 



= tan Oy 



hence 



dx^ dx 
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since is a function of x ; therefore 



Also 



Again, 



^^ = 008^^^. 

dx dx^ 

dx 

-=— = cos d. 

d 8 

1 de dO dx ^^d^y 

r ds dx ds dx^ 

d^y d^y d^y 



dx'^ dx^ dx^ 



sec^ e {1 + tan2 ^)l r yd y\2\ \ 



V ^ (H)T 



d y\ 2j I 






m 



dx' 



Since the numerator of this expression may be positive 
or negative, it is necessary to give to it the same sign as 

-j-^ in order that r may be positive. 

If the curve be convex or concave to the axis of X, ^p-„ 

dx^ 

-will be positive or negative respectively. 

d^y , 

If -:r-| = 0, the radius of curvature will be infinite. At 
dx^ 

a point of inflexion where the curve changes from convex to 

d^V 
concave to the axis of X, or vice verad, -^ = 0. 

dx^ 

d 1/ 
It is evident that ~ is the same for both the curve and 

dx 

d^u 
the circle at the point P, and -r-\ is also the same for both, 

(t X 
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since the circle and the curre A B have a common normal at 
the points F and Q. 

The circle of curvature is said to have contact of the 

second order, since -^ and j~ are the same for both. 

If two curves given by the equations y =f (x) and 
y = <f) (x) touch each other at the point x = a, then 
/^(a) = </»'(a); and if /° (a) = <^° (a), and also /^"(a) 
= ^"X^)> *^®y *^ ^^ ^ have contact of the third order ; 
and if /" (a) = ^^ (a), they are said to have contact of the 
nth order. 

The reciprocal of the radius of curvature is called 
curvature. 

(117.) To find the radius of curvature of the 
ellipse whose equation is 

x^ 2/^ _ 
^ + 5^ " ^' 

at the end of the major axis. 
Here 



and 



dy h^ X 

da; "" a^ y 



dy 
d^y _ h^^"^!^ 



dx^ a^ ' y^ 

Substituting these values in (/?), we get 

_ (h^xy+a^yy 

•" " (a by • 

At the extremity of the major axis 

X =M a and ^ = 0. \ 

• '. r = — . 

a . 
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At the extremity of tlie minor axis 

X = and y = h. 



••• '=b 



(118.) To find the radius of curvature at the 
vertex of the parabola y^ = 4ax. 
Here 

dy 2a 
dx "* y 



and 



dx^ 



2a 



dj 
dx 



r 



4a^ 
f 



Substituting in (fi\ we have 



At the vertex y = 0. 



4a2 



. • . r = 2 a. 




(119.) To find the radii of curvature of the curve 

2( = (oj - 1) (a? - 2) (a? - 3) 

at the points where 

a; = 1, X = 2 and a; = 3. 
Here 



and 



^ = 3a;2- 12a? + ll, 
dx 






= 6 (a; - 2). 



I 2 



J 
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Where a; = 1, ^ = 2 and ^ = - 6. 



dx dx 

r = 



i^"'"(dJ[ _(5)* 

dx^ 
taking the negative root of the numerator. 

Where a? = 2, ^ = 0. 

dx^ 



.*. r = oc , 



a point of inflexion. 



Where a; x= 3, ^ = 2 and ?| = 6, 

a a? a a;'* 



(5) 

• • • ^~ « 



The radii have the same numerical value at the points 

a; = 1 and » = 3, but the centres of curvature for the two 

d^y , 
points are on opposite sides of the curve, since -r-f is opposite 

CL X 

in sign for the two points. 

(120.) To find tlie radius of curvature of the curve 

y = e*, where x = 0. 

-rr dy •, d^y , r^ dy 

Here -j^ = e*, and -7-^ = e», where a; = 0, ^^ = 1, and 
dx dx^ dx 

dx^~^' _ 

.-. r = 2^ = 2V2. 

(121.) To find the radius of curvature of the ca- 
tenary, 

X X. 

at the vertex, x = 0. 




"BL^xe 



and 
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dy ^1 I ^ 

dntr 2a \ 



r = 






where x = 0,y = a; therefore the : 
vertex is equal to a. 

(122.) To find the radius of < 
y = a:* — 8 a?^ + a?^ at the origin. 

Here ^ = 4:X^^ 24:X^ + 2a?, ai 
ax 

At the origin a? = 0. 



dy 
dx 



= 0, and 



... r = - 



(123.) Find the point of L 
y = a;3 - 15 a;2 + 36 a? + 7. 

We have to find that value 



= 0. 



Now, 



and 



^ = 3^2 -30a 
dx 



^=«(.- 



dx' 



X =s 5 



is the point of infiexion. 
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Art. 33.— To find the centre of curvature of a curve 

at any point on it. 

Let the co-ordinates of the 
centre of the circle, touching the 
curve A B at P, be (h, h). 

Then its equation is 

X therefore 




A 6" 



and 



Fig. 12. 



«-A + (y-i)||=0, 



therefore 






the ordinate of the centre ; and 

dy 



'^"'^ ¥y * 

dx^ 

the abscissa of the centre. 

(124.) To find the co-ordinates of the centre of 
curvature of the curve y =: &^^. 

Here 

■j^ = a&'^ and ^-^sa^e**. 
a X a x^ 



.*. h = 



a a? — a^e'^^^ — 1 



a 
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and 





, 2€? e^^^ + 1 

K — ■= • 


Where a = 0, 






»=-(«+i). 


and 






.=-/>. 




EXAMPT^ES. 



1. Show that the radius of cnrvatare of a circle is constant, 
nsing the general formula. 

2. Find the radius of curvature of the curve »! + yt = al • 
at the point (»' y'). 



3. Find the radius of curvature of the curve whose 

TT 

2 



equation, y = asmx^sX the point x = -. 



Ans. r = -. 
a 



4. Find the radius of curvature of the curve whose 

i 



equation lay = e**°" at the point a? = 7. 



Ans. r = (l±J^fL. 

Se 

5. Find the radius of curvature of the curve whose 
equation isy = iB'^ — a?* — 3aj — lat the point « = 1. 

Ana, r = — - — • 

o 
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6. Find the radius of cnrvature of the curve whose 
equation is 

y =r a COS- 1 {^-^^\ + V(2aaj-a;2) 

at the point x s= a. 

Ana. r = 2 V 2^ a. 

7. Find the co-ordinates of the centre of the curve 
y^ = 4ax. 

Ana. h ss 2a + Sx. 
, 2a^ 
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CHAPTER X. 
Art. 34.— The Cycloid, Epicycloid and Hypocycloid. 

The cycloid is the path described by a point on the 
circumference of a circle (is it rolls along a straight line. 

Let the circle P D, Fig. 13, roll along the line O X. The 
point P, which was initially at 0, will describe a cycloidal 
curve P Q. 

Y 




£ D 



Fia. 13. 



Let OE = X, PE = y, and the angle PCD = ft Drop 
C F perpendicular to P E, which is perpendicular to O X. 
Now, y = EF + FP = a + a cos FPO = a (1 - cos ff), 
where a is the radius of the generating circle. Again, 
aj = OD-ED = ad-asind = a(d-sin 0); therefore 
the cycloid is given by the equations 

« = a (^ — sin ff)) 
y = a (1 — cos 0)i 

If we eliminate 6 we have 

a = a vers- 1 Tm - ^(2ay -y'^y 

The direction of the tangent to the cydoid at any point P, 
. dy 
ax 
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Now, 
and 
therefore 



dx = a(l — cos ^) c2 tf, 



dy = a sin Od$; 



dy sin 

da; "" 1 — cos $ 



= cot J ^. 



Abt. 35. — The Epicycloid ia the path described by a 
paint on the circumference of a circle as it rolls externally round 
the circumference of another circle. 

Let A B be a fixed circle whose centre is taken as origin 
of co-ordinates, and let its radius be r. Let P B G be the 

roUing circle, and let P be the 
point on the circumference of 
the circle P B G which traces 
out the epicycloid. 

The point P, at starting, 
coincides with A ; therefore the 
arc A B = arc P B, and if the 
angle A O B = <i, and the angle 
P O'B = )5, therefore ra = rip^ 
where r^ is the radius of the 
circle PBG. 
Let X and y be the co-ordinates of the point P ; then 

aj = OF = OE-PD. 

X = (r + r{) sin a — r^ sin (a + i^), 

y = PF = 0'E + 0'D. 

.*. y = (r 4- fi) cos a — r^ cos (a -|- j8). 

If we substitute — for fi, we get 




and 



a? = (r + ri) sin a — r^ sin (—, ^j 

y = (r + fj) cos a — fj cos I -M 



€U 



a. 
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If we differentiate, we have 

1^ = (r + rO {cos a - 008('-±!i) a}. 

... Iy = ooi0i±^)a. 

dx \ 2r^ J 

This gives the direction of the tangent to the carve when 
a is given. 

Abt. 36. — ^The hypocycloid is the path described by a 
point on the circumference of a circle 
as it rolls internally round the drcum- 
ference of another circle. 

Let A B C be the fixed circle, 
whose centre is taken as origin of 
co-ordinates, and let its radius be r, 
P B G the rolling circle whose radius 
is r^, P the tracing point which co- 
incides with A at starting ; therefore 
the arc B P = arc A B. 

Let a denote the angle A 0', and ^ the angle w — P 0' 0. 

aj = OF = OE-.PD. 




Pig. 15. 



and 



. • . a; = (r — r^) sin a — r^ sin (a + ^ — /?)» 

2^ = PP = 0'E + 0'D. 
.«. y = (r — r{) cos a — r^ cos (a -|- ir — )3). 

r a 

But r a = r^ P; therefore, substituting — for )8, we have 

a? = (r — r^) sin a — r^ sin ( -^ J a. 



y = (r — r{) cos a + r^ cos I -j 



cu 
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-r- = (r — r,) |c08 a — cos ( ^ J a f • 

da ^ ^^ \ V »'i / ^ 

dy /r-2rA 

aa? \ 2ri / 
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CHAPTEE XI. 
THE INTEGRAL CALCULUS. 

Integration. 

Aet. 37. — The process of integrating may be said to be the 
finding of a function when its differential is given. 

It may also be considered as the finding of the snm of an 
infinite series whose terms are indefinitely small. 

The student, who has already mastered the elements of 
the Differential Calculus, will have no trouble in writing 
down the integrals of a number of elementary differentials. 

The symbol used to denote the process of integration is 



placed immediately before the expression to be integrated. 



/ 

For example : ^ = I a;" c{ a; + means that y is the integral 

of the differential x^ d a?, where C is an arbitrary constant ; 

since the differentials of and + C are both 

w + 1 w + 1 

x^dx; therefore, in order to give the general form of an 

integral, it is necessary to add a constant, except in the case 

of definite integrals, which will be explained subsequently. 

We may here give a list of elementary integrals, the constant 

in each case being understood. 



/ 






(That is, increase the index by unity and divide by the index 
thus increased.) 
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X 



X 



= log a? (B) 



e«*(!aj=ie«« (C) 



a 
a' dx = a' loga e (D) 



sin ax dx = cos ax, . . . (E) 

a 



cos ax dx = -sin ax (F) 

a 



Beoa^x dx = -tasiax (G) 

a 



cosec^ ax dx = cot ax. . . . (H) 

, -^^- =sin-i^=-cos-i-. . (I)* 



dx 1 , X ,-p. 

f-^ = log/(«) (L) 

These integrals, with the exception of the last two, are 
called elementary integrals, since onr knowledge of the Dif- 
ferential Calcnlus at once suggests them. The integrals 
K and L are added for the sake of reference We shall give 
the working out of K and L. 

(125.) Let ^a^ + x'^ = v ^ x. By squaring, we get 
a^ = f;2 — 2 r a?, and, taking the differentials, we get 

2vdv'^2vdx'^2xdv = 0. 

* See Differential Calculus, Art. 9. 



F 
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.«. dz = ( j dv. 

/dx 



becomes 



J \-V ) (TT^) = J T = l^g ^ = ^^« (^ + ^^' + ^> 

byB. 

(126.) Let /(a?) = 2; therefore 

d« =:f'(x) dx. 
I '^— ^jr-N— becomes j — = log « = logf(x) by B. 

Art. 38.— Integration by Substitution. 

In Examples (125) and (126) we employed the method 
of substitution in order to reduce the dififerentials to the 
more elementary forms. This method can be made use of 
to reduce many differentials to one or other of the elementary 
forms. We shall add a few examples on its application. 

(127.) To integrate (a + x)^ d x. 

Let a + X = v; therefore dx = dv, 

\(a + x^\dx becomes j v^ dv ^--fA = - (a + a?)* 

by A. 

(128.) To integrate -. — TfTw where n is a positive 

integer. 

Let ax -{-h = VI therefore x = and dx = — . 

a a 

Substituting for a a; + ^ &^cl dxin terms of Vy 

r x'^dx ^ 1 roo "hy , 

'/ . 7-s becomes — — -: ^ d v. 



\ 

\ 
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Expanding by the Binomial Theorem we get 

an + ij \ lA ^ 

X --7 rrr X + &c. 



^n + i n — OT-j-l a'^ + i n — w 
In this example, if n = 3, to = 2, a = 2, and 6 = 1, 

r a^dx ^ 1 rc^^-iy^ 

I -; rr; becomes — I -^ — =— ^ dv 

J (2x + ly 16 J ©2 

(129.) To integrate 



^/ax'^-^-2hx-^'C 

Hei'e 
dx — p dx 

Vaa5^ + 2&aj + c"" J V(a2ic2 + 2a6a? + ac) 

d 27 

Let a a; + 6 = « ; therefore dx = — . Substituting for 
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d X and a a? + 6 in terms of % we get . 

-T= I —=^===L = —j= log (t? + Vt;^ + a c — 6^) 
VaJ vv^ + ac— 6^ va 

= --T= log {a a? + 6 + v'^ (« a?^ + 2 6 « + c)} 
by K, where a c > 6^. 

(130.) To integrate ^^,//^^^^ . 

Here 

/ da; _ p ^^a 

aaj^ + 26a? + c"" J(aa; + 6)2 + ac — b^ 

Assnme v = ax + h; therefore — = dx; therefore, by 
snbfititntion the expression becomes 

/-o— ; rs = , tan- ^ _ 

t,2 + ac-62 ^ac^W' ^ac-^h'' 



tan 



_ , (g a? + ^) 



ij ac ^h^ ^ ac — 6^ 

by J. This is assuming that a c — 6^ is positive. If a c — 6^ 
be negative and equal to ^ d^ say, then 

r dv ^ r dv 

I T"! U becomes ^ ^. 

J t?^ + a c — 6^ J v^ -~ dr 

But 






t;2 - d2 2 (Z (t; - <i «? + 
Therefore 



r2- ^2- 2dJ i^^" 2d J mT; 



/Innr ^4t ^ /T^ — Innr ^«i _L /TM 

2d 



= t:, {log(«^ - <0 - log(t; + d)} 



_ 1 - <? — d 



^ ax + h — ^h^ — ac 
-log 



2 Vb* — ac ^ ax + h + V^^ — ac 

E 



\ 

\ 
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Expanding by the Binomial Theorem we get 

X r-r r-T-r X h &c. 



an + i n — w-j-l 0"+^ n — w 

In this example, if n = 3, i» = 2, o = 2, and 6 = 1, 
r a^dx ^ 1 r(«?-l)S 

Jc^^+T? ^''^'' 16 J -^^^ 

1 it;2 ll 

(129.) To integrate 



Hei'e 

/dx f— r dx 

vaa52 + 2&ic + c J fJ (a^ x^ + 2 ah x + a c) 

»— r dx 

d V 
Let a a; + 6 = «; ; therefore dx = — . Substituting for 



r 
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d X and a a? + 6 in terms of i?, we get . 

= —7=: log {a aj + 5+ ii/«(«** + 2ta? + c)} 

by K, where a c > 6^ 

(130.) To integrate — ^ . ot ^ ' 

Here 

do; 



f— ^^— = a f- 

jax^ + 2hx + c J (a 



X + by + ac -^ h^ 



d V 
' Assume t; = ax + h; therefore — = dx; therefore, by 

a 



substitution the expression becomes 

dv 1 



X 



tan-i 



= _l_tan-ife±il 
^ ac ^y^ ^ac — b^ 

by J. This is assuming that a c — 6^ is positive. If a c — 6^ 
be negative and equal to — d? say, then 

r dv , r dv 

~n 1:2 l>©comes -5 35. 

J v^ + ac ^ tr J v^ -^ dr 

But 

t;2 - ^2 2d\v'^d v + d\' 
Therefore 

r dv _ j_ r dv j_ r dv 

{log («? - cT) - log (1? + d)} 



2d 



_ 1 . V ^ d 
"Yd^^V+l, 



^ aaj + 6 — V6^ — ac 



K 
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(131.) To Integrate ^^ 



'a; 



r dx ^ ^_ r da 

JVc — 26a? — aa?^ JVac + 6^ — 



(b + a xj 



/7 fi 

Let t; = a a? + 6 ; therefore — = d a?. Substituting, we 

get 

1 r dv 1 . , » 

—pz. = -7= sm- 1 -— =:^ 

VaJ A/ac + V^ — v^ va vac + 6^ 

1 / aa? + fe \ 

Va Wao + W 

by I. 

(132.) To integrate 



»Vaa?2 + 26a? + c 
Let a? = - ; therefore — = ; and by substituting 

Z X z 

for X in terms of z, 

dz 



r dx r 

J ^ Vax + 26a? + c J Va + 



26» + C22 
= - --^log{c« + 6 + Vc(c2;2 + 2 6« + a)}, 

by 129, if c be positive. If c be negative, it reduces to 131. 
Substituting - for «, we get the required integral. 

/.r.r.N» M M^ ^ M. (h + JcX^dX 

(133.) To Integrate ^ ^ 



aa?^ + 26a? + c 
Here 



(A + A; a?) (? a? __ 
aa?^ + 26a? + c~ 



/: 

_ ^ r {ax + h)dx ah - A;6 f* 
""ajaa;^ + 26aj+c a Ja 



Vfc. + ^ + A-L^) 
V a g / 

aa?^ + 26a; + c 

dx 



dx 



a?^ + 2 6 a; + c 



f 
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= l-log(aa,« + 26a, + 0) + ^1^:1^ 
Z a ' a 

1 ^ ./ ax + h \ 

V a c ^ (T \V a c — 6V 

by L and Example 130, if a c - 6^ ^ positive. If a c - 6* 
be negative, the second expression on the right will be 



ah -~ kh 1 aaj + 6— vP--"aT 

by Example 130, second case. 

(134.) TO integrate ^^^^. 

Let t; = - : therefore ei a = =:, and ax^+ h = = — 

X vr v^ 

Substituting in terms of v, the required integral becomes 



/vdv 
(hv^ + a 



z d z 
Again, assume hv^ + a = z^; therefore vdv = —j—y and 

we get 

«. C ^^^ - 1 rzdz_ 1 rd^ 

11 » 



b« ■" 6 (6t;2 + a)* "■ 6 (aic2 + 6)tf 



(135.) To integrate - ^ 



sin a; 
Here 



/d oj _^ r sin 
sin » " J 1 - 



xdx 

E 2 



008^ a; 



132 
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Let' t; = cos x ; therefore dv =:— sin x dx, and on sub- 
stituting in terms of v we have 

/ dx _ r dv _ 1 1^-v 



= i^« \/r+ 



. X 

sin — 

— cos « _^ -I 2 

cos 0? ~ X 

008- 



+ » 



log tan -. 



(136.) To integrate 



dx 

cos X 



Here 



/dx ^ r cos a; (2 a; r dv 

cos a; J 1 ^ sin^ oj ~ J 1 — t;^ 



where t; = sin a, and 



C dv 1 , 1 +r , /I +si 



sin 0? 
sin X 



= log 



sin ^ + cos- 

X . a; 
cos--sm- 



= log tan (^ + I), 



(137.) To integrate 



da; 



6 + c cos a; 



/ d[a? _ r dx^ 
6 + ccos« I-, / „« 
•^ 6 + cf cos^ - 



-sin^l) 



=/, 



dx 



X 



(6 + 0)008^2 + (^ 



c) sin2 



sec^ ^ <^ a? 



X 



2 »^ 



(6 + c) + (6-c)tan''- 



I 
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Let V = tan - and the expression becomes 

by 130, if 6 be greater than c. 
If 6 be less than c, we have 



+ c 



^J Q> + c) 



^^ Vc + 6 + Vc — 6tan- 



log 



Vc + 6— vc — 6 tan - 
by 130, second case. 

Examples. 

1. fuD^dx. Ans. -r-, 

4 

2. /(«3- 3«2 + 2aj + l)(«a?. 

iln«. — - aj3 ^ ^2 ^. ^^ 



3. n 2 a?i (- sina?) e^a?. ilrw. -a?* — log a? — 

4. f(a« + a-^)dx. Ans. Loga e (a* - a - »). 

/<2a; 
iTTi- ^'**- -log(l-a> 

6. r(e3«-a2»- 3)(?a;. 

-4w«. - 63»-. - a2» loga « - 3 a;. 



cos a;. 



3 2 

ilTW. ilog(l+a?'). 



r X dx 

. J n^- 

/x^ dx 1 
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9. -— ; — ; — • Ans. Log (1 + sin x). 
J 1 + 8in a? ° ^ 

10- I ^,\ ^« ' ■^»"- -T-logia + h e- *). 

— • An%. Log (log X), 

13. I sin a a; sin & a; c{ a;. 



»•/ 



1 sin {a ^}>)x 1 sin (a + 6) a? 

2 ^"^^^6 2 o+T 

^ -5^^ Am, — +3a; + 3loga5 

X* L X 

dx 



_ r x^dx 



ilwa. ^?±i)! - 2(a? + 1)2 + 6(a? + 1) - 41og(a; + l) - ^ 



3 \ • / • V . / ov . / ^^.1 



16. |-7=— • ulw«. -sin-M-J . 



(fa? . . 1 

o .., — — :r2- Assume » = - 

aj^ (1 + xy X 

1 + X 1 + 2aj 



17. j -rTT—r-r^' Assnme » = - + 1. 



J.n«. 2 log 



a; a? (1 + a?) 

J a?^ + 11 a; + 30 » Va? + 6/ 
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^■■/^tI^- ^~l'»-m- 



22 • ^' 



■■■I: 



Ana. Log {x + l + a/(x^ + 2x + 5)}. 

r dx ^^ Sin-i(^) 

J V3-.2aj-a;2 \ 2 / 

24. f . /"^ _ > ^n^. Cos-ifiV 



23 



25. r 



a? V(aj2- 1) 
do; 



« V4 + 4a; + 3a;2 



Ana. 2log^^2a; + 2V4 + 4^+"3^J 

C dx . X 

26. .^ . ^ „.. . Ana. 



'• J (2 + 3 ic2)| ' ^"''- 2 (2 + 3 a;2)i 

j6«2 + 2aj + 2' 
iliw. |log(5»2 + 2« + 2)+^taii-ir^^^). 

P(l + ^ + co&aj — sin a?) d a; 

28. I ; — \ ; ; • 

J a; + e^ + sin x + cos x 

An». Log (a? + e* + sin a? + cos «). 



• /n/^^"^' ^'*'- « si^- ^ © + Vl^ir^. 



29 

J 'V a -|- J 

c2a; 



30. f 



V(a! + a)+ V(a;+b)* 



^"*- 3(a-6) ^<^'' + ''^*~^'"+^^*^ 



31. I sin^ (ax')dx. 



. X sin 2 a a; 
2 4a 
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«/% roy^i J ^ . sin 2 ax 

32. J ootr (ax) dac Afu, - -\ 

33. / sin^ xdx. 

, oos^a? Scos'^a; . , 

Am, — = h coB^ X — cos x, 

7 5 

34. fcoB^(ax + h')dx. 

iln«. -s ^~ — -sm^(ax + b) + Bin(aaj + 6)1 . 

dido I 



1 



^ 



THE INTEGRAL CALCULUS. 137 



CHAPTER XIL 
INTEGRATION BY PARTS. 

Akt. 39. — By Art. 5 we have 

d{yu) = vdu + udv, 

where u and v are fanctionB of x ; therefore, on integrating 
and transposing we get 

fvdu = uv ^ fudv. . . . (P) 

We shall apply this formula in the working out of a few 
easy examples. 

(138.) To integrate xamxdx. 

Let tf = — cos X, and v = x; therefore du = sin xdxy 
and dv = dx. Hence 

fxBmxdx= — a? cos x + /cos xdx; 
that is, 

fxainxdx = — oleosa; + sin a;. 

(139.) To integrate e^^Binkxdx. 

Let sin^a? = « and -e** = u; therefore du = el^^dx, 

n 

and dv =:h cos hxdx; therefore 

/e'^^ BiJik xdx ss-e'^* sink X \ e^'^oo&kxdx 
n nj 

1 k k^ r 

= -e***sinA;» 5e»**cosA;a? s \ ^'^smkxdx, 

n nr n^J 



i. 
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Therefore, by transposing we have 

( 2 — J I €^' Bin k X d X = -^e'^^ (n Bin Jc X -^ k cosh a). 

/' . . , , e"* (n sin kx—k cos k x) 
e^^Binkxdx =: ^^ = — 
n^ + P 

= , sin \kx " tan-i(-)>. 

Vn^ + jk* I \n/J 

In Hke manner we have 

/e^'ooBkxdx = sin \kx + tan-M r-)r« 



(140.) To integrate V(r» - a2)(laj. 
Here 

— x^^dx 

J2 






05' 

a; 



Therefore 



Again, on integrating by parts we get 

fVCr* - a;2)<2aj = « Vr2 - «2 + f-^ll^. (6) 
J J vr* — a?* 

On adding (a) and (6) and dividing by 2, we get 

J V (^^ri^ <i . = ^ Bin- X 0) + ^^^4^. 

Similarly, we may show that 
rV(a?2-r^)(la; = -^log {» + V(ic^-r2)}+ | V(aj»-H). 

These two integrals may be used for finding the areas of 
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a circle and hyperbola whose equations are 05^ + y' = r* and 
-2 — p = 1 respectively. 

(141.) To integrate x^^dx. 

Let x^ =s V and e» = u ; therefore e^ dx =s du, and on 
Bubstitnting in the formula for integrating by parts, we 
have 

/ar* €^dx = a:^^^2fx^dx. 

Again, 

fxeP'dx =: x^ — /e* d a? = a? 6* — e*, 

therefore 

(142.) To Integrate xia^n-^xdx. 

Qj d X 

Let TT = tt wicl tan- 1 a = © : therefore dv = = : and 

2 1 + a?^ 

on substituting in the formula we have 

f . . , x\ . 1 f a;2^aj 

I X tan- 1 a? a a? = — tan- ^ as — - I — - — ^ • 
J 2 2J 1 +a;2 

Again, 



therefore 



/a?^ tan- ^ x x 

X tan- ^ xdx = -p^ tan- ^ a? + 



2 '22 



Examples. 



1. I log a a; (2 a;. Ana. xlogax -^ x, 

^ w + 1 I ^ m + l) 
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3. fdtasi^ede. Ans. ^ tan tf + log (cos tf ) - -- 



10 



An8, tj ax + 0?^ + a log \»J x + V(a + a)}. 

5. / (1 + oosaVda?. Am. -tt- + 2 sin a? H ^ — 

2, 4 

6. f e^Bmpxoosqxdx. 

. eF \ Bm(p + q)x-(p + q)(xm(p + q)x 
2\ l+(p + qy 



sin Co'^a^x^fn — 



sin (j? — g) a; — (j? — g) cos ( j? — 7) x \ 

1 + iP-qy r 






d$, Ans, dtan-* 



oosd 2 

8. Jl?ga2|M?. ^^. logtfxlog(logtf).log^. 

9. f ^2x — x^ dx. 
Ans. — - — V (2 0? — a^) + - sin- ^ (a — 1). 



2 ' V-- •-/ • 2 



Jdx 
T+^- ^""-^e^ + i 

11. /a?** (log xy d X, 

ajn + i f 2 2 1 

r log xdx " - a: log a? . . ,, ^ 
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CHAPTER XIII. 
Abt. 40. — Integration of Rational Fractions. 

Suppose we require the integral of such an expression as 



a' + Vx + c'x^, . . p'a;'»-i + «'» 



dx^ 



where a,h,c. . . a\ h\ c' . . . are constants, m and n 
being positive integers. 

If n be greater than m ; by division we have a quotient, 
consisting of a rational function of x, which is integrable by 
A, Art. (37), and a remainder whose numerator is of a lower 
degree than the denominator. In order to integrate this 
remainder we must decompose it into a number of more 
simple fractions callQd partial fractions. 

Denoting the remainder by ,) ( i <l> (a?) being 

a' +h' x + c' x'^ . . . p'x^'^ + x^ 
= (oj — a) (a; — ^) (aj — y) . . . . 

where a, )S, y . . . . are the roots of <t> (x) = supposed 
real and unequal ; then 

fM = IM 

^ («) (x — a)(x — P) (x — ■/) . . . 



... 



X — a X — P X — y 

where A, B, C . . . are constants, and therefore independent 
of a;. 
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Clearing of fractions, we have 

/(«) = A(a?-)3)(«-y) . . • . + B (» - a) (a? - y) 

. . . + &o. .... (1) 

This expression holds for all valnes of x; therefore it 
holds when x = <iyX = fi, &o. Therefore 

/(a) = A(a-)3)(a-y) 

Similarly, 

/08) = B03-a)08-y) .... 

It will be noticed that the right-hand member of (1) is 

Therefore 

/Ca) = A^'(a). 

Therefore 






Similarly, 



Therefore the integral of ,} { dxia 









(143.) Integrate *'^* 



»»_ 7 jc- 6 
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Here 



= aj2 + 7 + 



and 
/(a;) _ 6 a;2 + 49aj + 42 _ A B C 



^(x) (» + 1) (as + 2) (» - 3) x+1 x+2 x-.3' 
also ^' («) = 3 ar" - 7. Therefore 



and 



_ /(-2) _ 32 
''-./,'(-2)-- 6 ' 

/(3)_243 
'"-.^'(3)7 20' 



therefore 



32 r dx 2i3 C dx se^ , 1 , , , ,. 

32 243 

- 5-log(aj + 2) + -2p-log(«-3). 

Art. 41. — Suppose we require the integral of the rational 
fraction '\\ I where <^ (a;) has n equal roots ; then 



where a is one of the n equal roots. 
Assume 

/(«>) _ A B P , Q 

(« - o)»P(a;) (a!-o)» "''(»- o)» - 1 * ' * a; - o "*" ¥(«)' 
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and, clear of fractions, we have 

f{x) = AF (a) + B (a - a) F(aj) + . . . Q (« - a)« . . (1) 

and since a; = a, we have 

/ (a) = A P (a), 

since the remaining terms on the right-hand side vanish ; 
therefore 

To get B, differentiate (1) ; therefore 

f\x) = KT(x) + B (a? - a) W(x) + BF(a;) 
+ (a; - ayWQc) + 2C (a - a) F(a;) + &c. 

Substituting a for a, we get 

/'(a) = AF(a) + BF(a). 

The remaining terms vanish when a? = a ; therefore 

By differentiating (1) a second time, and substituting a 
for Xy we can find C, and by repeating this process we can 
find all the constants A,B, C . . . P. 

(144.) Integrate ^""^^ 



(a?- 1)2 (a; + 2) (a? -3)' 
Assume 

»2 A B 



+ 



(a; - 1)2 {x + 2) (a; - 3) (a; - 1)^ ^ (a? - 1) 



a; + 2 a; — 3 

and by the method shown above it will be found that 

1 -o 13 ^ 4 , ^ 9 

^ = -6' ^=-36' ^ = -45' ^'^^ ^=20' 



F 
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therefore 

r x^dx 1 r dx 13 r dx 

J (a? - ly (a? + 2) (a: - 3) " 6 J (« - l)^ " 16 J » - 1 



"" 45 Ja + 2"*" 20 Joj- 



X 

3 
13, , _ 4 , , . _ . 9 



Abt. 42. — Suppose we require the integral of ^7-^ d x 

<p{x) 

where <^ (ai) has one pair of imaginary roots. 

The quadratic factor corresponding to the pair of 
imaginary roots is of the form x^ + ax + h. 

Assume 

</> (a;) ay^ + ax + b a? — a a? — j8 

Multiplying by <^ (x) we have 

/ (a?) = (Aa? + B) (a? - a) (a? - /8) . . . . 
+ 0(x^ + ax + h')(x - P) . . . .+&0. 

The values of A, B, C, D, &o., may be found from this 
identity by equating the coefficients of like powers of x, 

(146,) integrate ^^^%\:_,y ^ 

Assume 

ar» Aaj + B , , D 



(aj2 + 2) (a? - 1)2 a2 + 2 ^ (« - 1)^ ^ » - 1 

Clearing of fractions, and equating coefficients of like 
powers of a?, we get 

4 2 1 4 

A = -^. B = -. = 3, and D = ^; 

therefore 

r x^dx 2 ma?-l)da? 1 r dx 

J(a;a+2)(aj-l)«-"9j a;^ + 2 ' "*" 3 J (a? - 1)^ 

L 
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1 4 



8 (a - 1) ' 9 

(146.) integrate ^^^^^"f^ ^,,^ ,^ . 

Assume 

1 Aa? + B Cg + D 

(ar> + 0? + 1) («» + 1) "■ a« + a + 1 "^ (c^ + 1 * 

Clearing of fractions, and equating the coefficients of like 
powers of x, we get 

A = l, B = l, C=-l, and D = 0; 

therefore 

dx ^ r( x + r)dx _ r_xdx_ 

(a^a + » + 1) (a?2 + 1) J ar» + a- + i J «« + i 

= ilog(a:» + a.+ l) + -^tan-i(^^)-llog(«2+l) 
(147.) Integrate -^^^^ 



aj4 + a.a-.2' 
Assume 



» Aa? + B , C^ , D 



x^ + x^^2 «2 + 2 ^a + la + 1 

Clearing of fractions, and equating coefficients of like 
powers of a, we get 

A = -l, B = 0, = ^, and D = i; 
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therefore 

/ xdx _ 1 r xdx 1 r dx 1 r dx 

= -Jlog(aj2 + 2) + llog(aj + l) + ilog(«-l) 
This example admits of an easier solution by assuming 



[ 



•Jt^ 



£;CAHPLES. 



X 

»3 



Ans^ - log (1 + « + «^) - 3 log (1 - ») 

V3 \ -/3 / 

2. C ^"^^^" . Ant. log(a! + 2)»(»-2)*. 






^2 



ilfw. ^ - 6 a? + 32 log (a? + 4) - 4 log (a? + 2). 

^ r(a;^-2a? + 3)(ga? 

il»w. a? + 3 log (a - 2) - 2 log (a? - !)• 



r X dx 

jx^ + x^ + x + 1 



Am. - tan-i a? + - log (1 + a^*) - ^ ^^S (^ + ^)* 

L 2 
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X 






1 2a + 1 1 2«— I 

Am, —pr tan- ^ — t= — + -7^ tan- ^ — r=— . 

Ans. |log(2aj + l)-^log(a^ + l) 
- Jq tan-la? -^log(« + l> 

/x^ dx ^ t— ^ M -, 

. , - , , o - -^- V2tan-»-7=-taii-»«. 



10 r (3»-'^)<^ 



a; 



iln«. 10 log (ar» + Sa? 4- 2) + ^ 



a? + l 



r a?^<ga? 

• J x*+43e^ + 5x'^ + 4x + 



Ans. ^loe(l+x^)^^log(x + 2) 



— -^r- tan- * X, 



(5aj + 2) 25 
^2. I 77— ~3\i' Assume 1 — a^ = ^^, 



" J(l- 



Ans. J^t^-^(^L^).logCl+y) 



V3 . \ V8 
where y* = — ^— 

0/ 
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r x^dx . 1- /..^N 

r_(i+^)flt£_ 

Am. Logo; - - log (ar» - « + 1) + ^--^tan-i( '^~ ) 

r da; 

-*»»• p-+75 {log (« + 3) - 2 log (*" + P*) 



ifi r^*^** 



I--©} 



■4m. 2~7|{taii"K2^-V3)-tan-i(2^+ V3)} 

1_. l-ff' + g* 

■'" 12 ^^ (1 + e^y ' 
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CHAPTEB XIV. 
Art. 43. — ^Integration by Sacoeesive Reduction. 

Suppose we require the integral of sin** xdx where n is a 
positive integer. If n be odd, the required integral is easily 
obtained ; for let z = cos x ; therefore dz = — sin xdx^ and 
sin** xdx s= sin« -^a? sin «(!«=— sin** '^xd (cos a?), and sub- 

n-Jl 

stituting in terms of z we get sin* a; <! a? = — (1 — «^) a dz, 

» — 1 
but — 5 — is an even integer if n be greater than unity, 

and after expanding by the Binomial Theorem the integral 
is easily obtained. 

Similarly, if the integral of cos* xdx is required where n 
is an odd positive integer, and greater than unity, let z = sin x. 
. • , dz = cos xdx, also cos" xdx = cos« - ^ x cos xdx = 
cos** '^xd (sin oj), therefore by substitution 

n- 1 

cos*»ajda? = (1 — «2) 2 cijj 

which is easily integrable since — - — is an even positive 

integer. 

(148.) Integrate sin^ xdx. 

Here, sin' x dx = sin® x sin x d x = ^ sin* x d (cos a?) 
— — (1 — 2^)^ d z, where z = oob x, therefore 

f&ia'xdx = -/(I - z^fdz = -/(I - Sa?'* + 3«* - ««)cl« 

3 z'' 

= — COS a? + cos^ a? — - cos*^ a? + = cos' x. 
' 6 7 
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(149.) Integrate cos*^ xdx. 

Here, cos^ xdx = cos* a; cos a? d a? = (1 — sin^ xy d (sin x) 
= (1 — 2^) (2 « where s; = sin a;, therefore 



/' 



cos** xdx = sin a? — - sin^ ^ + k ^^* ®* 



Aet. 44. — Suppose we require the integral of sin* xdx 
where n is an even positive integer. 

We have 

/sin" xdx = Jsin* -^xsmxdx = — /sin*» "^ xd (cos a?). 

Integrating by parts we have 
fsm^xdx = - cosa?sin«-iaj + (n — l)/cos^ajsin*-2a;c?a? 

= — cosa?sin'»-ia? + (n — 1)/(1 — sin^ a?) sin» - ^ oj (2 a;, 
and by transposing and dividing by n we have 

/• « J cos a? sin" - ^ a? n — 1 /^ . ^ „ ., 
sin** xdx ss 1 I sin»» - ^ /^.^ x. 

By successive application of this result to the integral on the 
right-hand side, we get 

sin** a: o « = — <sin* - ^ a? H -r sin** 

» i « — 2 

(«-2)(!L^l3) 1 

+ („_2)(n-4)^ * • • -f 

(n-l)(n-3) .  . 1 
■•■ f „ _ 2) (n - 4) . . . 2 *• •  ■*• 

Similarly, it can be ehown that 



/' 



-3^. 



/' 



, Sin X { n — 1 

cos" xdxss <cos** -^ X 4 cos** ^^ x 

n { n — 2 

, (n — 1) (n - 3) . ) 

(n - 2) (» - 4) I 

(n-l)(n-3)(n-5) . . . 1 ^ 

+ n(n-2)(n-4) . • . . . 2^ • ' ^' 
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(150.) Integrate sin^ xdx, 
f . 3 . f (l-cos2a ?)(ga? If, 1 f o ^ 



therefore 



/' 



. „ , X sin 2 X 
BiDf a? a 0? = - — 



2 4 

(151.) Integrate cos^ xdx. 



C a J m + cos2a:)^a? If, If ^ ^ 
|co6^a;aa;= J ^^ ^ — - — =- la« + o oos2a;d»; 



therefore 



/ 



„ , a? , sin 2 a? 
cos'' 05 a 35 = - + 



2 • 4 



(152.) Integrate sin^ a; (2 a;. 
By A, we have 



/. . cos a; sin^ » , ^ f . „ , 
sin* xdx = 1- 7 sm^ xdx. 

cos a; sin^ « . 3 a; 3 . ^ , 
= T h -^ - — sm 2 a?, by 150. 



8 16 

(153.) Integrate cos^ xdx. 
By B, we have 

/. , sinajcos^aj , 3 f „ , 
cos* xdx = J 1- - I cos^ a? a a? 

sin X cos^ a? 3 a? 3 . 
= 4 +-g- + -sin2a:,byl51. 

Art. 45. — Suppose we require the integral of 

sin*» X cos"* xdx 

where n and m are both positive integers. 

First let m be odd. The expression may be written 
thus : 

fain^x cos»»"^a? cos ad a? = /sin» a cos"* - 1 xd(Bin a?). 
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SnbBtitute z for sin x and we have 

Bin" aj cos* 05 d 05 = I «* (1 — «^) 2 dz^ 

and since — - — is an even integer, the expression is easily 

integrated after expanding by the binomial theorem. 
Again, suppose n and m both positive and even. 

Let V = — - — and u = cos* - ^ 05 : 

n+l 

therefore c{ t; = sin** a; cos 05 d a; and integrating by parts we 
have 

sin* + 1 a? cos* " ^ a? 



/' 



sin** 05 cos* a; c2 05 =5 

« + 1 

A -— I sin" + 2 a? cos*"* 05 aa?. 

» + lJ 

By repeated application of this formula and by aid of A, 
Art. 44, the required integral can be obtained. 

(164.) To integrate eP-* a^dx. 
. Integrating by parts we have 



a aj 



X 



-:le«»aj»- ^e»»a^-i + ^-^^-^^-^ fe^^a^-^daj, &c. 
a or ^ J 



(155.) To integrate e«» sin* xdx. 
Integrating by parts we have 



Je** sin" xdx = - e*» sin" x I e*» sin" - ^ 05 cos 05 d i 
a aJ 

= - e«» sin" X 5 e** sin" - ^ 05 cos a? 

a a^ 

+ -5 I e»»{(n — 1) sin""*aj (1 — sin* a?) — 'sin"a?}da5. 



/■ 
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Transposing and dividing by a* + f? we have 

^' 
e<** sin" xdx =s -=— — 5 sin" ~'^x (a sin x '^n cos x) 

a^ + rr ^ 

a^ + n^ J 

Repeating this process on the integral on the right-hand 
side we, finaUy, obtain the required integral. 

d X d X 

(166.) To integrate -7—- and 



sin" X cos** X 

^ '' X 



;dx ^ cos X i.'^^^r ^^ 

sin" 05 "" (n — 1) sin" -^x n ^ 1 J Sin" - 

cos X ' (n — 2) cos x 



^x 



(n — 1) sin" -^x (n — 1) (n — 3) sin" - * a? 
. (n^2(n-4) f (ix 
+ (n-l(n«3)Jsin"-*aj*®'^' 

Similarly, 

daj sin » (n — 2) (n — 4 ) sin x 



J 



oos"a (n — 1) cos"-^® (n — l)(n — 3)cos"-3a? 

(n,2)(n~4) f da: 
"*"(n- l)(n- 3) J cos"-*aj' * 



Examples. 



COS^fiC 



1. fBin^xdx. Ana. — ^ cos a?. 

2. J sin^ajda?. iliw. ^— + -cos^a? — cosaj. 

3. JcoB^xdx. Ana. « hsma?. 



r R J A Bvn^x 2 
4. / cos^ xdx. Ana. — ~ sin^ x + sm x. 
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6. / sin^ xdx, 

, cos a? sin^ a? 5 . , 5 . .6 a? 

Ana. — — -cosaBin^a — -^oosajsin a? + -^ . 

J4 10 lb 

6. / cos** xdx. 

. Sin X 008^ X 5 sin x cos^ a; . 5 sin x cos a? . 6 a? 
6 24 ^ 16 ^16 

n r • 3 ^ A Sin^a; sin* a? 

?• J sin a; cos^ a? a a?. Ana. — - — — — 7- . 

J 2 4 

o r • 2 K J J Sin^a: 2 . _ sin^a; 

8. J sin^ a? cos** xdx. Am. — sm'* x H —-. 

9. / sin* X cos' xdx. 

. Sin^a? 3 . , ,1.9 ^ • n 

Ana. — = — — - sin^ a? + « sin' a? — -- sin^^ x . 
6 7 3 11 

10. / sin X coB^ xdx. Ana. — . 

•^ 3 

^ • - . , . , . Cos'' X cos** a? 

11. j sm^ X cos* a? a a?. ilwa. — — . 

•^ 7 5 

12. / sin^ X cos^ x dx. 

. cos' a? ,2 1 11 

4w«. — — = h —cos' a; — — cos^* a?. 

fK 8111 4 SB 

13. / sin^ aj cob^ xdx. Ana. - — —^ — . 

14. / sin* X cos^ xdx. 

Sin^ a? cos 05 sin^ a? cos x sin 2 a? a? 
^***' 6 ^, 24 32"'*"l6* 

16. / sin^ X cos* xdx. 

sin X cos* a? , 1 . , , 1 . , a; 

Ana. X 1- 2jfii^» oos'a + — sina? cosa? + — . 
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16. / sin^ X 006* xdx. 

sin^ X 006^ X 1 . « . sin x oos^ x 
— — — Bin X ooBr X -4 

tm fx n 3 A tan*« tan* a; , . 

17. /tan««d«. An,. ^ + tan«-«. 

Here, 

/tan' a; (2 0? = /tan* a? (seo* x '^l)dx 

^ftaxL* X d (tan x) — /tan* a? da?, &o. 

18. fef^'^se^dx. 

a V a ■*" o« " a» ■*" a* / 

19. /c^* sin' xdx. 

Am, — <sin* a? (sin a? — oos a?) + — (3 sin a? — cos a?) > . 

20. -7-r-. 
J sin* a? 

. cos X 3 cos a? , 3 . ^ a? 

4n«. - T— r-i Q -;-^ — h Q log tan -. 

4 sin* a? 8 sin^a? ' 8 ° 2 

r da? . sin a? , 1- /I + sin a?\ 

J cos^ a? 2 cos* a? 4 ° \1 — sin a?/ 



4iw. 
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CHAPTEB XV. 



DEFINITE INTEGRALS. 



Abt. 46. — Hitherto we have confined onr attention to 
indefinite integrals in which no limits were assigned to the 
variable. We shall now endeavour to give an elementary 
idea of a definite integral, re- 
garding the process of integra- 
tion as a summation. 

Suppose y, the ordinate of 
the curve PQ, Fig. 16, to vary 
continuously by successive in- 
crements, being a at the point 
P, and h at the point Q. It is 
evident that the total incre- 
ment of ^ is & - a, and consider- 
ing this total increment as the sum of its partial increments, 
we have 




Fia. 16. 



j: 



dy =ih — a, 



h being called the superior limit and a the inferior limit of y. 
Again, suppose y a fanction of a;, the relation being 

and let x = Xi where y = a, and x =: X2 where y =sh; there- 
fore a =s <!> (x{) and 6 = ^ (x^. 

Also 

dy = <t> (x) dx; 
therefore 

^' (x) dx = <!> (x^ — 4> (®i)« 



»1 



X2 is the superior limit and Xy the inferior limit of x. 
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We see that, in order to integrate a continuous function 
of X between certain limits we first find the indefinite 
integral, and then substitute for x the superior limit and also 
the inferior limit in the indefinite integral, and subtract the 
latter from the former, 

(157.) Find the value of /a^ dx between the limits 
a; = 2 and a; = 4. 

/:-"[?]:4'-?— = 



therefore 

a?dx=i 60. 
a 



x 



J: 



(158.) Find the value of the definite integral 

* X dx 

(Xj (I OR 1 

The integral of ^ is - log (1 + a;^. 

X ^ X A 



Substitute 4 for a;, and also for x^ and subtract the 
latter from the former ; therefore 

The complete discussi(Hi of definite integrals is beyond 
the scope of this elementary treatise. 



oif* dx. Am. 



Examples. 
2« + i 



» + 1 



2. I log xdx. Ans. 2 lege 2 ~ 1. 

3. I sin X dx, Ans, 2. 
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t. j COS X dx. 



Ans. 1. 



ain^xdx. Ans, -. 



4 
ilrw. -r. 



8. jCajS- 3a3 + 2aj + l)(!a?. 
^- I r-r^' -^***- I^ogV2. 

J 2 1 + »^ 

ir 

1/% r^ COS a; da; 

10. I — - — ; — . Ans. Log 2. 

J 1 + sin a? ® 

11 p*__a^ 

12. f -^4^=. ^^. ^. 

2 

/!« (ia; 1 

14* I \/ ^^' -^w^. -— — a. 

J ^ a + » 2 



4 



x"^ dx , IT 

a?i« 16 

(2 a; 
» V2a"-1' "*'"' 2 

2 



15. Vr^ ^ x^ dx, Ans, 



2 

4 



160 
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CHAPTEB XVI. 
AREAS OF PLANE CURVES. 

Art. 47. — Suppose wo reqxdr© the area bounded by the 
curve A B, the axis of X, and the ordinates P a, Q &, the axes 
being rectangular. Let the ordinate at the point G be y, 

and the ordinate at the point D, 
indefinitely near to 0, be y + dy, 
the abscissa of C, Xy and that of D 
X + dx. 

Then the area C D E F = 
i(y + y + dy^dx s= dAj where A 
is the area required, that is 

dA=sydx + }^dydx. 

But when dy and dx are inde- 
finitely small, the term l^dydxia indefinitely small in com- 
parison with ydx, and may therefore be neglected ; therefore 

(2 A = ydx. 




Integrating we get 

A = fydx + 0, 

where C is a constant. 

Again, suppose y and x connected by the equation 
y = 4> (x). Therefore 

A =: f4>(x')dx + G. 



F 
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But we want the area between the limits x ss a and x = h; 
therefore 



A= r<l>(x)dx=: f/C^)"] ^ 



where f(x) is the integral of <f> (a?) d x. Therefore 

A=/(h)-f(a). 

The constant C disappears, because when integrating 
between limits the constant C is always subtracted from 
itself. 

The general formula for the area bounded by a con- 
tinuous curve and the axis of X is 

A=fydx + C (A) 

The general formula for the area bounded by any con- 
tinuous curve and the axis of Y is 

A = fxdy + (B) 

The axes in both cases being rectangular. 

(159.) Find the area bounded by the curve v7hoBe 
equation is y = x\ and the azis of X, between the 
limits X = 1 and a; = 4. 

By formula (A) we have 



that is. 



A=/y(«aj + C= yx^dx + C, 

.-. A = 21. 

(160.) Find the area bounded by the curve men- 
tioned in the last example and the azis of Y betV7een 
the same limits, viz. a; = 1 and a; = 4. 



162 
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By formula (B) we have 

A = /« cly 4" 0, but dy s= 2xd X. 
.-. A = /2ar»da + 0; that is, 



'V-f-'^i: 



,'. A = C 



.'. A = 42. 



2x4» 



+ 



e)-( 



2X 1» 



+ 



0). 



(161.) Find the area of the parabola ^ = 4aa;, be 
tween the limitB x = and x=:a. 
By (A) we hare 

^ = Sydx + = 2^'aSfJxdx + Oi tliat is, 

4 ^ ax XX I* 



& 



.- 2 



F=2\^a X t; at = — — =;(-«y. 




Therefore the required area 



4 
A = -a3. 

The area of a segment of a 
parabola bounded by a chord 
perpendicular to the axis of 
X is f of the area of the cir- 
cumscribing rectangle. 

(162.) Find the area of 
a circle whose radius is r. 
If the centre of the circle. 
Fig. 18, be taken as origin, its equation is x^ + y^ =: r^, 
therefore y = y/r^ - x^. 



Fig. 18. 
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By (A), J area of the circle, 

A = fydx + G = j Vr*- x^dx+0; 



that is, 



A=[-^ + ^^„-.0) + o] 



by Example (140). 



r^ IT vr^ 



•'• ^"2^2" 4 

Therefore the whole area of the circle is 4 A = ?r r*. 

(163.) Find the area of the ellipse whose equation 

a^ ^ 62 - A- 
Here 

and ^ the required area is 

A = - I Va^^x^dx: 
a J 




that is, 



=^D 



. h Fx *J a^ ^ x^ , a^ , 



Fio. 19, 



 ©]> 



that is. 



. b irO^ TtCkh 

A = - X — = 

a 4 4 



Therefore the whole area of the ellipse is 4 A = tt a & 
(164.) Find the area of the cycloid. 



ic = a (^ — sin &) 
y = a (1 — cos &) 



Art. 34. 



M 2 
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The area A =/y rfx + ; that is, 



A = a* r*(l ^o(meyd$ = a^Ul-2QOse + co&^0)dO 



= o^ - 2Bmtf + o + 



1 



2 4 JO 

. • . A = 3 ir a^. 

Therefore the area of a cycloid is three times the area of the 
generating circle. 

Art. 48.— The Catenary. 

The catenary is the curve assumed by an inelastic string 
or chain of uniform density suspended by its extremities. 
We shall investigate the equation of the catenary. 

Let A P B (Fig. 20), be the 
catenary. 

Taking the vertex as origin, 
Y and O X as the axis of Y and 
X respectively. 

Consider the equilibrium of the 
arc O P. 

There are three forces acting 
on it, viz. the horizontal tension T, 
at the vertex, the tangential force 
F, at P, and the weight of O P, 
which we shall denote by S, assuming unit length to be of 
unit weight. These three forces meet at a point, and are pro- 
portional to the three sides of the triangle P Q R ; that is, 

F : T : S :: PR : RQ : QP. 

Also 




Fig. 20. 



F= VT^ + S^. 



Now 
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dy S S 



dS F VT^ + JS^ 
where C is a constant. 



But y = where S = ; therefore = - T. Therefore 

jr + T= VT2 + S«. ... (A) 

We have also 

dx T 






dS VT^ + b^ 
Therefore 

Si 

that is, 

« = T log {S + VT^ + S^} + C. 

and where a? = 0, S = 0, therefore = — T log T, therefore 

therefore 

S + VT2 + S^ = TeT. . . . . (B) 
Again, 

{Vt^ + s^-s} {Vt2 + s2 + s} = T2. 



.-. VT^ + S^-S= , — - = -^ = Te"f. (C) 

Vt^ + s^ + s ^^i ^ ^ 

Adding (B) and (C), we have 
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therefore 






X X 



therefore by (A), we get 

If we moTe the axis of X down a distanoe equal to the 
length of string or chain whose weight is equal to T, 
the equation becomes 

T ( — 



y= 2 \^^ + ^ 



X 

f 



(165.) Find the area bounded by the catenary 
curve and the axis of x between the limits x = 0, and 



X = a?!. 






Art. 49. — ^Areas in Terms of Polar Co-ordinates. 

Let a;,^, be the rectangular 
co-ordinates of the point P, on 
the curve A B. Then, if we take 
OX as the initial line, 0, the 
pole, the angle P X = ^, the 
vectorial angle, and P the radius 
vector p, of P, we have x = pooBOy 
and y = peiaO. 

Let the point Q be indefinitely 
near to P, and denote the angle 
P Q by d ^, then an element of 
the area of the curve is i OP.OQ sin PO Q; but when P 
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and Q are indefinitely near P = Q, and denoting the 
element of the area by d A, we have 

fiinoe sin d$ = dO^ when dO iB indefinitely small ; therefore 
the area of any continnous curye in polar co-ordinates is 
given by the formula 

A = i/pMft . . . . (D) 

(166.) Find the Area of the Cnrve whose Equa- 
tion is p = a (1 -j- cos 0)j (Cardioid), It is obvious that the 
initial line divides it symmetrically, and that the whole area 
is 

A=fp^de; 
that is, 



therefore 



A = a2p(l + cos^)Mtf; 
= aM ^ + 2 sin tf + - + -^^1 • 



r. A = 



2 



(167.) Find the Area of the Lemniscate whose 
Equation is p^ = a^ cos 2 $. This curve. Fig. 22, has two 
loops, and its whole area is therefore 




Fia. 22. 
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that is, 



.-. A = 2a2pooB2e(J^ = 2a^r?^T; 



A = 2a2x ^=«'- 



Examples. 

1. Find tlie area of the curve whose equation is p = a cos 0. 

Ans, -T— . 
4 

2. Find the area of a loop of the curve p^ = a^ cos 6 0. 

This curve has 6 loops. Ana. -^ • 

o 

3. Find the area bounded by the curve whose equation is 
y = ae^'^ and the axis of X between the limits x = 0, and 

a? = 6. Am. t (e*^ — 1). 

4. Find the area contained by the curve y = »' — 3x^-\-4:x, 

and the axis of X. Ana. x^4-2x\ 

4 

5. Find the area included between the curves ^^ = 4 m x, 

a;* = 4my. Ana. — - — . 

o 

6. Find the whole area of the ellipse whose equation is 



TT 



ax^']'2hxy'\'hy^ = 1. Ana. — . 

V o6 — h^ 

7. Find the area of the curve, m^ y^ = a?* (m* — «*) between 

the limits x = m and x = ^ m. Ana. — — • 

6 

8. Find the whole area between the curve a? y* = 4 m* 
X (2 TO — a), and the line y = o. Ana. 4 tt w^ 
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OHAPTEE XVn. 



AREAS OF SURFACES OF REVOLUTION. 



I 

i 



Art. 50. — ^If a plane curve revolve about a j&xed straiglit 
line in its plane, every point in the curve will, obviously, 
describe a circle, and the curve will generate a surface called 
a surface of revolution* 

The line about which the curve revolves is called the 
axis of revolution. 

The section of a surface of y 
revolution, by a plane perpen- 
dicular to its axis, is a circle. 

Let the curve PQ, Fig. 
23, revolve about the axis of 
X ; then we may assume that 
the arc F Q is made up of an 
infinite number of straight 
lines of length d 8. 

The surface generated by 
the revolution oi d a about 
OX is 2irydB^ and denoting this element of surface by dS 

we have 




Fio. 23. 



therefore 



Again, 



d^ ^^irydsy 



B = 2irfyd8 + G. 



^•=V{'+(ll)V- 
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therefore 



S = 2,J,^jl+(||y[d. + 0. . (A) 

If y = / (a?) be the equation of the curve P Q, Fig. 23, 
then the surface generated by F Q is 

Similarly, we may show that the surface generated by the 
revolution of a plane curve about the axis of Y, is 



S = 2./.^{l+(||J}.. + C. , (B) 




(168.) Find the surface 
of a sphere. 

The surface of a sphere is 
generated by the revolution of 
a circle about a diameter. 

Let the circle, whose 
centre is at the origin, revolve 
about the axis of X ; then its 
equation is a?^ + y^ = *^- 



Fig. 24. 






= Vr^ — x^. 



By formula A, we have 



o;. 



that is, 



S = 27rj rdx=^2v Vrx 1 . 



It will be noticed that the surface of a sphere is equal to 
the curved surface of its circumscribing cylinder. 
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(169.) Find the surface generated by the revola- 
tion of the parabola y^ = 4ax about the axis of X, 
between the limits x = and x=: a. 

S = 27rfV4^ ^|l+^|daj+CbyA. 

Therefore 

S = 4irVa I ^/(x + a) dx; 

that is, 

... S = ^^(2*-l). 
(170.) Find the surface generated by the revo- 

» SB 

lution of the catenary y = | |e^ + e 4, about the 

axis of T. 

By B, we have 

Now, 



therefore 



S = ?r I a;|ec+e"cl dx. 



d « ] + 2c\ 



"■^ a> JB, 



•. S = TTcj xf^ -- c"m - c^ec + g"c'\ 4. 2c.}. 
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(171.) Find the surface generated by the revo- 
lution of the curve y = aef^^ round the axis of X. 

S = 2 7ra/6«V{l +Coc7«^'*} ^« + C 

Let ac 6«» = tan tf, and the expression becomes 

2^rde 2^1 sin^ 1 / l+sin^ \ 

'^ J ^^^e ~ "^ 12 coB^ tf ^ 4 ^ Vl - sin ^/l ^ ^* 

(172.) Find the surface gene- 
rated by the revolution of a 
right-angled triangle about the 
side a. 
X The side c will generate the 

surface of a cone whose convex area 
is required. Denote the semi-ver- 
tical angle by a; therefore the re- 
FiQ. 25. quired area 

S = 2ir/yd«. 

= 2 TT tan a I x Vl + tan^ a dx, 

since y = x tan a. 

.«. S = 2 TT tan a >v/T+~tan2~i I xdx; 

that is, 




a' 



S = 2 TT tan a V 1 + tan^ a X k ^ 



and since tan a = — , we have 

a 

S = IT 6 Va2 + 62. 

that is, the area is the product of semi-circumference of base 
and slant side. 

(173.) Find the surface of a spherical ring. 

A spherical ring is generated by the revolution of a circle 
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abont a straiglit line in its plane. Let the radins of the ring 
be r, and let the distance of the centre of the circle from the 
straight line be E. Let aha^ h^. Fig. 26, be the generating 
circle, and let a a^ D be drawn perpen- 
dicular to the axis of X, then an element 
of the area of the ring is equal to the 
snm of the elementary zones generated 
by the arcs a h and a^ hi ; therefore 

dS = 27r(yi + y2^d8 
where 

yi = a D and ya = ai D ; 

that is, 

(2S = 4?rBc?a, since B = J (y^ + y^), 

because the circle is divided symmetrically by the straight 
line through its centre parallel to the axis of X ; therefore 




Fig. 26. 



S = 47rB 



that is, 



SI"' 



S = 2?rB« 



where 8 is the circumference of the generating circle ; that is, 

S = 27rBx27rr = 47r2Br. 



Abt. 51. — Gnldinas' Theorems. 

First The surface generated by the revolution of 
a curve about any external axis in its plane^ is equal 
to the product of the perimeter of the curve into the 
distance through which the centre of gravity of the 
etLrve moves. 

Let y denote the distance of the centre of gravity of the 
perimeter of the curve from the axis, a the length of the 
curve ; then we have, by the method of moments, 

ys = fyds; 
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therefore 

2 V y 8 ss 2 IT f y ds. 

This proves the theorem, since 2 tt ^ is the distance 
through which the centre of gravity of the curve moves in 
one revolution, and s is the length of the curve. 

Second. The volume generated by the revolution of 
a plane area about an external axis in its plane is 

equal to the product of the 
area into the distance through 
which its centre of area 
moves. 

To prove this theorem; let 
the whole area be denoted by A, 
and let X denote the external 
YiQ, 27. **^ about which it revolves, 

Xj y, the co-ordinates of its centre 
of area ; then an element of area dAs=:dydx, and we have 
the moment of the yrhole area, A, about X, equal to the 
sum of the moments of its elements about X ; therefore 




that is. 



y A = fydA; 



therefore 



yA = j j ydxdy=: - \y'^dx\ 



2iryK = irjy'^dx. 



This integral is taken the whole distance round the curve. 

Now 2 TT y is the distance through which the centre of 
gravity of the area moves in one revolution, and A is its 
whole area, which establishes the theorem, since ir J y^ dx 
represents the whole volume. 
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Examples. 

1. Find the surface generated by the revolution of the 
line y = mx-\-c about the axis of X between the limits x = 
and X = a. 

2. Find the surface generated by the revolution of the 
curve y - ax^ about the axis of X. 



^'«'- 2T^O + ^'''*0* + ^- 



3. Find the surface generated by the revolution of the 

cycloid, 

a; = a (^ — sin &) 

y = a (1 — cos 0\ 

round its base. 

647ra2 
Ans. -^-. 

4. Find the surface generated by the revolution of the 
ellipse 

?! + ?!-! 
about its minor axis. 

An,. .|2«« + -;4^1og(«-±-^^2)l 

5. Find the surface generated by the revolution of an arc 
of a circle of radius r, subtending an angle of 60° at the 
centre, about a line in its plane parallel to its chord and at a 
distance d from it. 

# 

6. Find the, surface generated by the revolution of a semi- 
circular arc about a tangent at its middle point. 

Ans. 2 TT r» (tt - 2). 
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CHAPTER XVIII. 



VOLUMES OF SOLIDS OF REVOLUTION. 



Art. 62. — If a plane curve makes one complete revolution 
abont a line in its plane, it will describe what is called a 

solid of revolution. Taking 
this line as the axis of X, 
the area of the circle de- 
scribed by a point P on the 
curve is v y\ and an element 
of the volume is the area 
of this circle multiplied by 
dx; therefore 

dY = iry^ dx, 
where V is the volume. 

... Y=7rfy^dx + C, 

where is a constant. 
(174.) Find the volnme of a sphere. Taking the 
axes and origin as in Example 168^ 
We have 

V = '7r C'^\t^-'X^)dx; 




FiQ. 28. 



that is, 



v=,[r..-i]: 



r 
f3 



V=3.r3. 



i 



■■•■  
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(175.) Find the volume of a cone. — Taking the 
cone mentioned in Example 172, we have 

V = TT I x^ tan^ ad X = TT tan^ a I x'^ dx 

CL O CL ft 

that is, the volume of a cone is equal to the product of the 
area of its base and one-third its vertical height. 

(176.) Find the volume generated by the revo- 
lution of the parabola y^ = 4aa? about its axis. 

Here 



therefore 



= 47r I axdx 
J 



X ^ „ X 

= 2 ^ ^'^ax = iry^ X -^, 

that is, the volume is equal to one-half the volume of the 
circumscribing cylinder. 

(177.) Find the volume generated by the revo- 
lution of the cycloid a: = a (^ - sin ^), y = a (1 - cos 0), 
about the axis of X. 

Here 

dY = ira^(l -^coBOfdO; 
therefore 

V = '^a^ j (1^008 Oy do, 
that is, 

^ ^ ^* j (^ " ^ cos tf -I- 3 C082 - cos3 ff) d 

N 
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Examples. 

1. Find the volume generated by the revolution of a 
triangle about a line through its vertex parallel to its base. 

Ans. } TT A^ &, where & is its height and h its base. 

2. Find the volume generated by the revolution of a seg- 
ment of a circle about its chord. 

Ans, 2 IT r < ^ —a-^ rd > , where r is the 



l ^^'^+P^' -rd}, 



radius, d the distance of the chord from the centre, and 

6in ^ = -. 

r 

3. Find the volume generated by the revolution of the 
cycloid ic = a(^ — sin ^), y = a (1 — cos 0), about the axis 
ofY. 

Ans. 6 ir^ a\ 

4. Find the volume of the part cut off from a sphere, of 
radius r, by a plane whose distance is - from its centre, 

Ans. -^TTT^. 

ol 

5. Find the volume of the ellipsoid whose equation is 

?! J.?!. 4-?! «i 

. 4:7rlmn 
Ans. — 7z — . 



6. Find the volume of the frustum of a sphere, 

Ans. -w-s^ + B {a^ + a^y where & is its height, and 
ffx and aj the radii of its ends* 
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7. Find the ratio of a hemisphere, paraboloid and cone, on 
the same base and all of the same altitude. 

Ana. 4:3:2. 

8. Find the volume generated by the revolution of the 
ellipse -2-+ 12 ~ ^ about a line in its plane at a distance d, 
from its centre. 

Ans. 2 11^ ah d. 



N 2 
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CHAPTER XIX. 



LENGTHS OF CURVES. 



Art. 63. — The process of determining the length of an 
arc of a curve is called its rectification, 

I Let PQ, Fig. 29, be an 

Y arc of a curve whose length 

^ is required ; then denoting an 

indefinitely small portion of it 
by d 8, we have 

(dsy = (dxy + (dyY; 
therefore 




— X 



Fig. 29. 



^• = V{>+(rD>" 



or 



■"=v/{i+(l-:)>»^ 



therefore the arc 



8 



(17B.)— Find the length of the circumference of 
a circle. 

Let the equation of the circle be 

a;2 4- y2 __ j.2^ 

By A, we have 



8 



=f\/(^+9^"' 
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since 



dy 
dx 


= 


X 




r 


rdx 



and the whole circumference is equal to four times this in- 
tegral between the limits a; = and x = r ; therefore the 

whole circumference 

/^ rdx 

= 4r[sin-i(?)]]=4r^ = 2^r. 

(179.) Find the length of the arc of the parabola, 

y^ = 4 a a;. 

Here 

dy 2a 

dx ~' y 

and by formula A, 



8 

Let 



=/\/(^-^i?)'^rM^+9'^- ^"^ 



X = z^ .*. dx = 2zdZj 
and (a) becomes 

8 = 2fA/(W+ajdz 

= 2 {^^^I|±3 + I log (. + V^^T^I + C. 

.*. « = Vx *J X + a + flt log (Voj + Vo? + a) -f- C. 

Suppose the length of the arc, from the vertex to the end 
of the latus-rectum, is required, we must integrate between 
the limits a; = and x^a, 

. •. 8=1 ^ a fja + a + a log (Va + ^ a + a) -- a log Vti, 
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that is, 

« = d V2 + a log (I + V2). 

(180.) Find the length of an arc of the catenary 

m 



J, = I jeS + «-«} 



Hore 

m 



dy 

dx 
therefore 






» = fv fl + I {«" ■'* 1 T *^*= I n^ + 6"«[ das. 

The length of the arc from the vertex to the point a; = a is 
therefore • 



(181.) Find the length of the cycloid 

a? = a (tf — sin ff) 

y = a (1 — cos tf). 
Here 

c2y sin 

d oj "" 1 — cos d 
and 

d a; = a (1 — cos ff) d 0. 

Substituting in (A) we have 



r^ 



that is, 

8 = aV2 /Vi - cosd de = 2a /sin J fl d 0. 





.*. «= 2 a - 2cos]^0 I 
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for the whole length of the curve ; therefore 

That is, four times the diameter of the generating circle. 

Examples. 

1. Find the length of the curve a;* + y* = rh 

Ans. . = |a.l + c. 

2. !Find the length of the curve whose equation is 
a y^ = x\ 



A 1 i4a • It 



3. Find the length of the arc of the logarithmic curve 



y 



Ans. g = log ^ +^i+y^ + G. 

1 + V 1 + r 



184 THE INTEGRAL CALCULUS. 



CHAPTER XX. 
FOURIER'S EXPANSION. 

Art. 64. — If / (t) be any periodic function of the time t, 
the periodic time being T, then 

/(0=/(« + nT) 

where w is an integer. 

Any periodic curve may be represented by a constant 
term Aq say, 

+ a sine curve of the same T as the original curve. 

+ a cosine „ „ „ 

. . . T 
+ a sine curve of periodic time — • 

+ a cosine 



+ a sine 
+ a cosine 
+ a sine 
+ a cosine 



T 
3- 

T 

»» » 4 



+ a sine 
+ a cosine 



>» >» 



T 
n 

» »> >» 
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Therefore 

f{t) = Ao + Aisin--^ + Bicos-^ 

+ Aasm-^ + Bacos-^ 

+ Assm^^ + BaCOB-^ 



.2«ir/^ 2mrt ,. 

+ An Sm — = 1- Bn cos — rjT"* &C-> <*C. . (1) 

where A^, B^, A2, Bj, &o., are constants. 

We shall show how the values of these constants may be 
fonnd when the curve representing / (t) is given. 

Multiply (1) hj dt, and integrate between the limits 
and T thus : 

f{t)dt=:Ao dt + A^ I &m—dt 
+ Bi I cos — =- dt + &c. 

••• \f(t)dt = AoT + + 0,&G. 

All the terms on the right vanish except the first. 
Suppose we take the term 



which is 



An I sm — ^a^ 



In like manner we may show that all the terms, but the 
first, vanish ; therefore 

that is, Aq is the average height of the original curve. 



186 THE INTEGRAL CALCULUS. 

To get Ai, multiply all along by sin -=- d t and integrate 
between the same limits as before. Thus 

+ Ai I sin^-=-d< + &c. 
.-. r/(Osin?J-*d< = + Ai| + 0,&c. 

All the terms on the right vanish except the second. 

We have shown that the first term will vanish in finding 
Aq. Suppose we take the term 



which is 

An 



An Sin— ^Bm-^d«, 

fTj 27r(n-l)« 2ir(n + l)<),, 

J jcos ^^ ^ -cos ^^ ^ ^dt 



Anf T 2^(n-l)< T 2^(n + l)q t 

TL2^(tt-l) T 27r(n + l)^ T Jo 

= obviously ; therefore 



Similarly, 
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2 (^ 2mrt 
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Bn= 1/^/(0 



2mrt ,^ 
COS — =^— a<. 



The following examples will show how these integrals 
are worked ont. 

(182.) Develop the periodic curve 




Fig. 30. 



Here we have 



. 2ir« 



/(0 = Ao + AiSin-^ +Bi 

4:irt 



2irt , . . 4^< 

COS —^^ + A2 sin 



T 



T 



+ B2 cos 



T 



4- . . • &c. 



Multiply by d < and integrate between the limits and 
T, and we have 

AoT= rfit)dt 
.-. Ao = ^ I ^ /(O dt = average height of/(0 = ~^ 

To get Ai, multiply by sin -=- d «, and integrate between 
the limits and T, thus : 

P(,)™?f',i<=A.j;»..(?f).,=A.|. 

T 
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2 r^ . 2vt 



T 



T 



that is, 



^ '"2V, r T 27rn2 

2V, 



• * • A.1 ^ 



TT 



Similarly, by multiplying by cob -7^- d t, and integrating 
between the limits and T, we get 

T 

^ 2Vi r T . 2^na 

4'7rt 

To get Aj, multiply by sin -=- d t and integrate, we get 

JL 

T T 

In like manner we find that * 
B2=0, A3 = ^S £3=0, A, = 0, B, = 0, 



and A5 = -z—^. &c. 



Therefore 



.,. Vi 2Vi f . 27r< 1 . 67r« , 1 . IOtt^ 
•^<^'> = T + — r'^-T- + 3^^^-T- + 5'^^-T- 
. . . . + -Bin— ^^ h &c.[, 

w T J 

where n is an odd integer. 
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(183.) Develop the periodic function 




Fig. 81. 



Here A^ = = j f(f)dt, and f(f) = Kt where K is a 
constant, and / (f) = Vi when < = T ; therefore Vi = K T, 



that is, K = 






V, 



Hence / (<) = tjt '• Therefore 

I 

""tOo T^ L2J0 ~~2- 

Again, 

. 2 fTVif . -2^< ,, 2Vi fT . 2,r< ,, 
■A^i = qT J ^ ^ sm -^ d< = -^ I ^ « sm -^ d<, 

and on integrating this by parts, we get 

2V. r T , 2t« , /TV . 2^11"^ 



Ai = 



r£i2 



. A --^' 

TT 



Again, 






<C0S-;r:-O<, 



T 



and on integrating by parts we have 



_ 2VirT« . 27rt , /TV 2ffn 



TV 2ffnT 

2 ^ T Via TT/' X J 

.-. Bi = 0. 



J 'J 
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, we can show that B,, Bj, &c., all Tanish. 

Ai = -;[5-J ,'■"-5-'" 
Vj 



1 



A, 



2V, 



2V,r Ti 6n-i /T\*. QTrH^ 
Similarly, 



1 . Stt* 



(184.) Develop the penodic function, Fig. 32. 

fin 




= aTerage height of/(l), -whioh is zero; therefore 
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Again, 



A, = ^Jf{t)Bm^dt 



T T 

Now,/(<) = K < between the limits — — and + -r ; and when 

* = ^>/(0 = «- 

T 
.*. a = K-7« 
4 

• • J^ = -^* 

Again, we have /(<) = 2afl — =^j between the limits 

T 3 T 

< = — - and t = — — ; therefore 
4 4 

T 3T 

T 3T 

8a f**^ . 2wt,^ ,4a f* * . 2ir< ., 



T 

. 8a r T< 2wt . /TV . 27rn* 



3T 



T 

4 



' 4a r T 27rn * 



3T 



8a r Ti 27rt , /TV . 2 7rn * 



8a 
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Similarly, we find that 

Bi = 0, B2 = 0, B3 = 0, &c., 

Aj = 0, A4 = 0, Ag = 0, &c., 



and 



. _ 8a 



A -1?- A ---^ &c 



,.^. 8a I . 2ir< 1 . 6ir< , 1 . lOwt 

1 . 14irt , - { 



*>««.•• 



Examples. 



1. Develop 




Fig. 83. 



2. Develop 




Fig. 84. 



3. Develop 




Fig. 35, 



«fc 
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4. Develop 



zS 



■5 3 3 4\ ^ 




Fig. 36. 
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CHAPTER XXI. 
DIFFERENTIAL EQUATIONS. 

Art. 55. — ^A differential equation is one which in- 
volves differential coefficients. It may or may not contain 
the primitive variables from which the differential coefficients 
are derived. 

There are two classes of differential equations. 

1st. Differential equationa in which all the differential co- 
effidenta involved have reference to a single inde^^endent variable. 

For example : 

dx^ dx 

is a differential equation in which x is the independent and y 
the dependent variable. 

2nd. Differential equations involving partial differential 
coefficients which indicate the presence of two or more independent 
variables. 

For example : 

is a partial differential equation, having u for its dependent 
and X and y for its independent variables. A differential 
equation is said to be of the first, second, third ... or nth 
order, according as it contains the first, second, third . . . 
or nth differential coefficient. 



ax 



is of the first order. 
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d^x , dx , . 

is of the second order. 

dny d^-^y 

dx^ dx^"^ 

is of the nth order. 

A differential equation is said to be of the first, second, 
third ... or nth degree, according as it contains differential 
coefficients of the first, second, third ... or nth degree. 

is of the first degree. 

\dx/ ax 

is of the second degree. 

« 

is of the nth degree. ' 

Art. 66. — ^A differential equation is said to be linear if it 
admits of being expressed in the form 

in which a, &, . . . p, and q are either constants or 
functions of the independent variable, a;, only. 

If a, &, . . . jp be constants, it is said to be a linear 
differential equation with constant coefficients ; for example : 

^ + 4^^ + 6^1 + 4^^ + , = 
da;* dx^ dx^ dx ^ 

is a linear differential equation with constant coefficients. 

2 



( 
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If a, b, . . , p are functions of x, it is said to be a 
di£ferential equation with variable coefficients ; for example : 

is a differential equation with variable coefficients. 

Art. 57. — Solution of differential equations of the 
first order and degree between two variables. 

The general form of differential equations of the first 
order and degree is 

A and B being functions of the variables x and y, in which 
form either a; or y may be regarded as the independent 
variable. 
(\ The above equation can always be solved if the variables 

A and^ ^admit of being separated ; that is, if the equation 
admits of being expressed in the form 

Xdx + Y dy = 0, 

in which X and Y are functions of x and y respectively. The 
solution will be 



iXdx + \Y dy = k, 



where JS; is a constant. 
(185.) To solve 

(a;2 •- 3x)dx + (f ■~2y)dy = 0, 
we have 

/(a:2 ^Sx)dx+ f(y^ - 2y) dy = h, 

that is, 

x^ 3 x^ , y^ „ - 

3 2 ^3 ^ 

(186.) To solve 

^(aF+~fjdx + V62 + a;2 dy = 0. 



J 
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Here the variables may be separated by dividing by 



V (<*^ + y^) (P^ + ^^) > therefore we have 

dx dy 

Therefore 



= 0. 



log (a; + V52+aj2) + log (2^ + V^M^ = ^. 

.-. log (a; + VF+^2j (^2^ + V'5M=1^') = A:. 
.-. (x + Vfe2 + x') iy + Va2 + y^) = A;', 

where Id =z eK 

Art. 58. — Homogeneous differential equations of 
the form A^ic + B<iy = may be solved by assuming 
y = » a, and the variables x and v will then admit of being 
separated. 

(187.) To solve {a; + ^y'^~+~x^} dy - ydx = 0. 
Here let y = i; a; ; therefore dy = vdx + xdv; therefore 

{x + X iJ 'kP' + 1} {ydx '\-xd'c) — %>xdx = ^» 
On dividing by x 

(1 + Vv^ -^-Xiiydx -\- xdv) ^ 'odx — ^» 

.'. vVv^ + ldx + x{l+ Vt?M^l)dt7 = 0. 

On dividing by t?a; Vv'^ + 1, we have 

dx dv ' dv 
X V V Vv'^ + 1 

Integrating we have 



that is, 



log a; + log » + log-— -^-=== = k, 



v'^ X 



loff = Jc. 

1 + Vv^ + 1 

1/2 

^ = e* = K say. 



•  m 

X + V x'^ + y^ 
K being an arbitrary constant. 
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Art. 59. — Equations of the form 

(ax + by + c)dx+ (a!x + h'y + €f)dy = 

ii^&y generally be solved by assuming x = x' ^ I, and 
^ = ^' — m, and the transformed equation becomes 

(ax* + by' — aZ — hm + c)dx* 
+ (a'«' + 6'y' - a'l - Vm + c") dy' = 0. 

Now let 

al •\'hm =^ e^ 

and these equations will determine I and m, and the trans- 
foroied equation will become 

(ax' + h7/)dx' + (a'x* + Vy') dy'=0. 

This equation is integrable by the preceding example by- 
assuming y* = V x\ since it is rendered homogeneous. 
(188.) To solve the equation 

(3 » + y + 7) <2a; + (2 « + 5 y + 9) ^y = 0. 

Assuming x =s x* — I, and y — %f ^ m, the equation becomes 

(3 jb' + y' - 3 Z - m + 7) d a/ 

+ (2 »' + 5 y' - 2 Z - 5 m + 9) (iy' = 0. 

Let 

3 I + m = 7, 

2 Z + 5 w = 9, 
therefore 

Z = 2, w = 1, 

and the equation becomes 

(3 x' + f) (Z »' + (2 aj' + 5 if) dy' = 0. 

which is homogeneous. 

Assume y' = va^ and this equation becomes 

(3 + Sv + 5v'^) dx' + x' (2 + 5v) dv = 0. 
d x' (2-\-5v)dv _ 

. . C(2 + 5v)dv - 
••• l-g^+ J 3 + 37+6^ = ^- 
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• -. log x' + 1 log (3 + 3t; + 5v^) 

+ 1 tan- <i^; + ^ = it. 

by Example 133. On substituting in terms of x and y we 
liave 

,„,(. + ,)+ ■,„,J3 + S(|±i) + 5 (|±i)] 

V51 (a; + 2)^51 

Art. 60. — The solution of the equation -^ + A y = B, 

(m X 

ixL which A and B are functions of x^ is of considerable 
importance in the working out of a great many electrical 
problems. 

First suppose B = 0, and we have 

ax 
.•. — ? = — Adx, 

y 

and on integrating we have 

log y = — f A dx + k^ 

where k is an arbitrary constant ; therefore 

y = e-' =z er e '^ , 

K- f Ada? X ^ 

e •' f • • • • (tt) 

where K = e*. 

Again, assume K a function of a;, /(a;), 



.-. y=f(x-)e-f''^'. ... 08) 
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.-. J| = -A/(x)r^'"+/(-)«--^"". 

that ia, 

§f + Ay=/'(«)e-/^'"by03), 

and on referring to the original equation we see that 
therefore 

.-. /(a;)= Ce^^^'^Bdx + h 

Substitute this value of /(«) in equation ()3) and we have 
y = r/^^^{ rj^"^Bcia; + 4 . . (y) 

(189.) Solve 

dy _^ ^ xy 1 



dx ' 1+x^ 2a;(l + a;2) 
Here 



A= '^ 



.-. JA d a; = i log (!+«'') 



1 + x^' 

Also 

J^^^ = (l+a;2)*. 
Again, 

B= ^ 



2a;(l + a;2)* 
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J J2a;(l+a;2) J2x(l + a;2)i 

.-. JeA^'Bd. = llog(^^-l). 
Substituting in (y), we have 

(190.) Solve 

j^ r- = (^ + «)'• 



Here 



Hence 



and 



Also 






fAdx = - 3 log (a; + a). 



^J = (a? + a) ' . 



/^'^^Bcia;= J(a; + a)-3(^ + «)4d^^(^:^^ 



therefore 



y = (x + af 1^— 2~^ + ^|, by equation (y). 
W" (191.) Given V = EC + L—, find C where V = sin w<, yUtj)^ 



E and L being constants. Here 



-jT + T t) = =^ sm w <. 
at h h 
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In this example we have C, t, =- and =- sin nt instead of 

Li Lt 

y, Xf A and B respectively in equation (y). 

\ eJ 'Bc{a;==r|e^sinn<{2t 



Re 

6 



^ sm I n < — tan- ^ -^p- ) 



V CR2 + L2 n2) 
by Example (139). 

R^ I e L" sin jn < - tan- 1 (-^)} 
• I V(R2 + L2 n2) 

by (y) ; that is, 

VK2 + (Ln)2 
where ^ = tan- ^ ] -p- [ • 



Examples. 

Integrate the following differential equations. 

1. (a -h y) X dy -r (h -- x) y d X == 0, 

Ans. log y^ sc^ + y — x = k. 

2. xy (a^ + x'^)dy-(h + y^) dx = 0. 

Ans. (h'' + y^f(a' + x'^=zGx\ 

3. Sin cos <l> dO — cos ^ sin </» e2 <^ = 0. 

^iM. Cos <l> = k cos ^. 



+ ife 
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4. Cot X cosec^ y dy + cot y cosec^ xdx = 0. 

Ans, Cot X cot y = h, 

5. (x — y^ dx + xdy = 0, 

_y 
An8. X = he *. 

6. (y — X cos -] dy + y cos - dx = 0. 

\ yJ y 

SB 

Ana. y z=he~^^y, 

7. (3aj- 7y 4- 7)<iy + (7a;- 3y + 3)daj = 0. 

iltw. (a; - y + 1)2 (a; + y - 1)5 = jfe. 

8. < (1 - f) ^ + (2 <2 - 1) « = n<3. 



Ans. 8 = nt + kt V(l - <2). 

r. dy /» . /, ^ 

9. -j^ + y cos ^ = sin 6 cos ^. 

Ana. y = sin 6 + A;e~^* — 1. 
10 ^y \ y _ tan-'^i9 

ilrw. y = tan-ie + A;e-t»^**^« - 1. 



2M 
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CHAPTER XXn. 



Alt. CI .—Solution of lanear Equations with Constant 
Coefficients when the second member is 0. 

Thore are a <li5ereiit values of y which satisfy the 
equation 

in which a, 5, .... j> arc constants ; and if y^, y^t > > - > Vn 
represent the « difcrcnt values of y, then the complete value 
of y is 

y = *iyi + *,yj . . - . Kyn, 

that is, the complete value of y which satisfies the equation 
is the sum of the n distinct values of y, each multiplied by 
an arbitrary constant. 

Rule for solving a differential equation with constant 
coefficients when the right-hand member is 0. 

Form the auxiliary equation by assuming y = Jfe c**. Dif- 
ferentiate this n times, and substitute in equation (a) for 
example ; and we have 

and on rejecting the common factor k&^', we have 
a^+aa"-! + 6a"-2 . . . . p = 0, 

the auxiliary equation. 

Let r^, r^, r^^ . , . . rn he the roots of this equation, all 
real and unequal, suppose ; then the n particular solutions 
are 

y = A; Ci*, y = Ajj e''2« . . . ., y = kn C-*, 
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and the general solution is 

Again, suppose the auxiliary equation to have a pair of 

imaginary roots of the form |) ± 3 V — 1 ; then the complete 
value of y will contain a pair of terms of the form 

which may be written 

eP^ {^1 e(3^^^)« + ^2 e- (3^^)*} . . (a) 
and on expanding, 

and collecting the terms we get, on substituting in (a), 

ki eP^ (cos 30; + V — 1 sin g a;) + A^g eP* (cos g a; — V — 1 sin q x) 

= c-P* {(h^ + Jc^^ CO8 q X + V — 1 (Z?! — Ajj) sin 2 a?} 
= eP!" { Mcosga; + N sing a?}, 

where M = Aj^ + ^2 *^^ N = V — 1 (A^i — Ajg). See page 58. 

Again, suppose there exist a pair of equal roots of the 
auxiliary equation r^ = rg for example ; then the general 
solution would contain a pair of terms hi e*"! * + ^2 ^'"^ % which 
may be written (k^ + h^e'^i^; but this would reduce the n 
constants to w — 1 ; therefore in order to get the general 
solution we assume the two roots to differ by a finite small 
quantity c, and find the result as c approaches 0. 

Thus 

All en* 4- AjjeC*"! +«)* = e'*i* Qc^ + h^ef^^) 

(cxY 
= eri' (A?! + h2 + h^cx + h^ \^ + &c.). 



and if we neglect the terms involving c^ and higher powers 
it becomes 

e'-i*(M + Na;), 

where M. = k^ + Jka* ^^^ N = Ajj c. 
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In like maimer it may be shown that if n roots are each 
equal to r^y the solution is 

(192.) To solve ^ _ 10 ;ji? + 16 y = 0, 

Here the auxiliary equation is 

a» - 10a + 16 = 0, 

the roots of which are 8 and 2; therefore the complete 
solution is 

the two particular solutions being 

y = jfcjfiS* and y = k^e^*, 

(193.) To solve 

Here the auxiliary equation is 

a* -6a + 13 = 0, , 

the roots of which are 3 + 2 V — 1 and 3 — 2 V — 1 ; there- 
fore the complete solution is 

y = c^x (jc^ cos 2x + k2^va2 x). 

(194.) To solve the equation 

— ^ — 4—^ + 10 — - — 12 — - +5—^ = 0. 
dsc^ dx^ dx^ dx^ dx 

Here the auxiliary equation is 

a6 - 4a* + lOa^ - 12a2 + 5a = 0, 

the roots of which are 0, 1, 1, 1 - 2 V^^, and 1 + 2 V - 1 ; 
therefore the complete solution is 

y sz'Jci + ^ (Ajg + h^x) + €?^ (hi cos 2 a? + k^ sin 2 x). 

('1(1950 To solve 




w 
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Here the anxiliary equation is 

a2 + o2 = 0. .-. a = ±aV^ni; 

therefore 

y = lci cos ax -{• k^ sin a x, 
or 

y = K sin {ax + 6) 

-where K = v A;i^ + Pj *^^ ^ = **^~ ^ IT • 

Art. 62. — The equations t-^ + «^ y = sin ^ ^ and 

-T-^ + a^ y = cos 6 oj, whose right-hand members are not 0, 
a X 

may be reduced to those whose right-hand members are 0, by 

differentiatisg and eliminating the sine or cosine function. 

Given -r-| + a^ y = sin 6 a;, on differentiating twice we 



have 



ax* a or 



and from the given equation, by substituting for sin h x, we 
get 

Forming the auxiliary equation, we have 

therefore 

a=±aV— 1 or a=±&V— 1. 

Hence the complete solution is 



y 



^Jc,e^'^"^' + Jc,e^-"'^''^r+he^^''^'' 



+ h,e'''^-''\ 
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which reduces to 



y = (k^ + Ajj) cos a a; + (^i - Ajj) V - 1 sin a a? 
+ ih + K) cos hx + (Ajj - h^) ^/~^ sin 6a?, 

or 

y = M cos a a? + N sin aa: + Ml cos 6a; + N^ sin h x, 

where 'M.^h^ + K N = (h^ - h) V - 1, M^ = Ajg + ^4. 
and Ni = (A:3 - A;,) V'^T 

Examples. 

I 1. _1 — ay = 0. Ana. y = k &^^. 
dx 

2. ^Ajf^hy^O. Am. y = he-^^. 
dx 

3. f-! + 5^ + 4y = 0. ilrw. y = A; e- *«' + Ajj e- ». 
a a;-* a a; 

aa; aa; 

dx^ dx 

Ans. y = e- 3» ijfe CQQ 2 a; + A;i sin 2 a?} . 

a a;-* aa;-^ dx 

Ans. y = e-'(h + Jc^x +^2 ^^)' 
d^y . d^y ^ d^y . ^ dy , 
dx^ dx^ dx^ dx 

Ans. y = e-^(k + hj^x + h2X^ + Jc^ a?^). 

I- . /- 2?ra5 

iln«. y = A; cos v 3 a; + Aj^ sin v 3 a? + A;2 ^^s m 

,7 . 27fa; 
. +A;3Sin-^. 
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Ana. y = h cos 2 a? + &i sin 2 05 + Ajj cob --=- 

I 7 • 2^* 
+ A;8Sin-^.^ 

when / = (a) 

. / = » (&) 

» /<« (c) 

and „ f>n (<l) 

iln«. a? = X; sin nt + h^ cos n < (a) 

a; = Ae-«*(ik + A;i<) (6) 

a? = A e-/* (A; cos ^ < + iS;^ sin ^ <) . . (c) 
-where ^ = a/h^ — /2. 

a; = A e-/« (k e9* + kj^e'9*) . . . . (d) 

-where g = V/^ — «^. 

^tw. y = 6* (A; + ^1 a;) + ikj e*" ^* 
+ A sin V3 » + B cos -/S a?. 
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CHAPTEE XXIII. 

SYMBOLICAL METHODS OF SOLVING 
LINEAR DIFFERENTIAL EQUATIONS. 

d f# 

Art. 63. — ^In the equation -^ + ay = O.if we write B for 

ax 

j— it becomes 6y + ay = 0^ which may be written thus: 

(^ + a) y = 0, (0 + a) denoting an operation which is to be 

performed on the function y. 

cP 1/ d li 

Similarly, the equation ^-| + (a + l>)j^ + ahy = may 

ax ax 

be written {0^ + (a + h)0 + ah} y = 0, ot thus : 

iO + a)(e + h)y = 0, 

in which $ may be treated as an algebraic symbol meaning 
to differentiate thus : 

d dy , . dy , dy , , 
= 3- -j^ + h^+a^ + ahy 
ax ax ax ax 

=&'+(«+^)^!+«^^- 

6y indicates that the function y is to be differentiated 
once ; ff^ y indicates that y is to be differentiated twice, &c 
Oy, 6^y are said to be direct operations on the function y. 
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If we consider the equation {0 + a)y =0, in whicli y is 
supposed to be known, we can determine the direct operation 
indicated by (0 + a) by differentiating. But the inverse 
problem arises, in which it is required to find y, so that the 
result of the operation on it denoted by (0 + a) may give 
the value cipher. If (0 + a)y = 0, then y = (0 + a)- ^ ; 
(O + d)"^ denoting the inverse operation which performed 
on will give y. 

Since the direct operation means differentiation, it follows 

that the inverse operation means integration; therefore 

O'-^y means to integrate y once, 6~^y means to integrate y 

twice, &c. 

d 11 
Art. 64. — Solution of -7^ + «y=0. Writing this 

equation in the form y =: (6 + a)- ^ 0, we know by Art. 60 
that y = K e-<** where K is a constant. 

The student should remember that the result of the 
inverse operation (^ + a)- ^ is Ke"**, where K is an arbi- 
trary constant. Also, if a be a function of x. 

Again, if ;r^ + A^^ = B, or thus, y = (0 + Ay^ B. 

CL X 



- fAd 



^{ rj^^^Bdaj + ik|, 



where A and B are constants or functions of x. See 
Art. 60. 

Art. 65.— Solution of — | + (a + 6) v^ + a&^ = X. 

dx^ ^ "^ dx ^ 

where a and 6 are constants, and X a function of x. 
Substituting for j- the equation becomes 

d X 

(e + a)(e+h)y= X, 
that is, 

y=(e + a)-^(6 + b)-^X, 

p 2 



1 
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and treating {9 + a)- ^ (B + 5)*" ^ aa a mere algebraic 
expression, by the method of partial fractionB, we have 

therefore 
Hence 



-6^*~*"{/'^'^'^* + *'} 



by Art. 60. 

(196.) To solve 

Here we have 

(e-13)(tf-l)y = 0; 
therefore 

y = (e-13)-i(^-l)-i0, 

and by partial fractions 

... y = ^{*ei3*-A:,e«J 

by Art. 60. 

(197.) Solution of 

Here we have 

(^ + 7e + 12)y = sin«, 
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or 

y = (e + S)-'^(e + 4)- 1 Bin x, 

and by partial fractions 

1 1 



(e + 3)-i(^ + 4)-i = 



^+3 6+4 
= (^ + 3)-i-(^ + 4)-i; 
therefore 

y = (tf + 3)- 1 Bin aj - (^ + 4)- 1 sin x 

3 sin 0? — COB a; . , « 4 sin x — cos a? . , 

10 17 -r»i«? . 

See examples 139 and 191. 
(198.) Solution of 

— ^ +a^y =iOOBx. 
dx^ 

Here 

y = (6^ + dF)- 1 COS X 

= -j=.Ue - a \^^n:)-i COS a? - (d + a V- l)-i cosa;| 

= - — -y=re«»V^i| I e-a»V^n:cosa;da; + ife| I 

- 2-77^ [e-'^'^-\^<^"J^co.xd. +&,}]. &c. 

(199.) Suppose we require the result of the operation 

a + hO + cff' + de^ + ee' 
a' + h'O + c'e^ + d'O^ + e'e' upon sm k t. 

Now 6 means, differentiate sin ht once; ff^ means, dif- 
ferentiate Bmkt twice, &c. ; therefore 

sin kt =z k COB kt, 
0^ sin kt = ^ k'^ Bin kt, 
$^ Binkt =: ^ Ok^ Binkt = — A;^ cos ^ f, 
^ sin A; < = &^ sin A; t, 
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therefore it will be seen that the expression reduces to 

(a' - c'i^ + e' k*) + (h' - ifc^ d') 0^^^ 

where 

a = a - c P + c A:*, j8 = 6 - d A;*. 

a* = a' - c'ik^ + 6' Jfe*, )3' = 6' - d'F. 

Again, 

(a + )3 ^) sin A; < = a sin % < + j3 ^ COB 2; / 

= Va^ + (/3A;)2 Bin (*;< + «), 
where tan 6 = ^— . 

a 

This is the effect of the direct operation. The inverse 
operation 

1 «'* 

(a' -f ^ ^)-i sin hi = _— -.^^-.^ sin(]fe< - <^) + ce" r , 

where tan <f> = ^—7- and c is a constant ; therefore the oom- 

a 

plete result of the above operation on sin 'kt\a 



n/ 



a2 + (^ik)2 _^ 

^^ ^s;2 sin {it < + e - <^} + c e ^' < 



- c e ^' is said to be the evanescent term where t stands 
for time, since its value diminishes as time increases. 

For the working out of the inverse operation see examples 
197 and 139. 

Let us notice the effect of the operation denoted by 
upon sin 2 TTfi 2, where n = 100, tt = 3 • 14, say. 

Now 

e sin 27rn< = 6 sin 628 t = 628 cos 628 t 



= 628 sin ^628 t + |j. 
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that is, the effect of upon the sine function sin 628 < is to 

multiply it by 628, and alter its phase by -, or one quarter 

period. 

Examples. 

Solve by the symbolical method the following examples. 
d/^ V dv 
dx^ dx ^ ^ 

2. ^-4^^ + 13 3, = 0. 

dx^ dx ^ 

Ans. y =zke^^ cos 3 x + ¥ e^* sin 3 x, 

3. — l-2j^+y = 0. Ans. y = eF (k + k' x), 

CL X CL X 

4. ^ ^s^ + 3^--y=^0. 
dx^ dx^ dx 

Ans. y = ^(k+k'x + k" x^). 

dx^ dx^ dx 

Ans. y = ke-^ + e» (^' + k"x). 

a a?* dx^ 

Ans, y = (k + k' x') cos ax+ (k!' + K'^ x) sin a x, 

7. -rr-^ + a^y = COS a x. 
dx^ ^ ^ 



Ans. y = k cos ax + fk' + —\ sin a 



X. 



«• S-24!+«'y=^- 



Ans. y = (h + h'x)el"'+ . ^^y 
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CHAPTEB XXIV. 

APPLICATION OF THE CALCULUS TO SOME 
MECHANICAL PROBLEMS. 

(200.) To find the law connecting the tension and 
angle of lapping of a belt on a pulley. 

Let be the centre of the pulley, AOB the angle of 
lapping of the belt on the pulley, a, Ti the tension of the 
belt at A, and T the tension at B, T > Tj. 



\ 




Fig. 37. 

Consider a very short portion of the belt between A and B. 
Let the tension at one end of it be t, then the tension at the 

other end of it will het+dt. 
Let E denote the reaction of 
the pulley. These three forces 
keep the small portion of the 
belt in equilibrium, therefore 
they are proportional to the 
three sides of a triangle. Draw the triangle of forces. We 
have the angle between the two forces t and t '^' dt equal to 




t'^db 
Fia. 38. 



w 
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the angle between the two radii at the extremities of the 
small portion under consideration. Denote this aDgle by d a 
and we have 

Bnt the friction is = /n E, where /a is the coefficient of friction 

between the belt and the pulley ; that is, d< =/i,B = f(.<c2a. 

Therefore 

dt , 

— := fjidcu 

V 

Integrating, we have 

log t = fia + k. 

Now a = where t = Tj. 

.-. logTi = A;. 



That is, 



or 



Therefore 



log t = /jLa-\' log Tj. 
log ^ = /* ^y 

— gfia 



t^T^e 



/*« 



This gives the tension at any point when T^, fi, and a 
are given, when the belt is about to slip. 

(201.) To find the law for the thickness of a long 
pomp-rod of uniform strength. 

Let a denote its cross-section in square inches at any 
point, / its safe stress ; therefore its safe load 

w = af ...... (1) 

At a height d h above this point the load la to + acdh where 
c is the weight of a cubic inch of the material of the rod ; 
therefore, for uniform strength we must have 

w-i-acdh =f(a + da) . . . (2) 
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Subtracting (1) from (2) we have 

acdh =fda, 
that is. 

Integrating, we get 

log a == ^A + C. 

Where A = 0, that is, at the lower end of the rod, let 
a = a^. 

.-. C = logao. 

.a ch 
••• log- =— . 
«o / 

eh 

This law determines the cross-section at any height h 
above its lower end. 

Suppose ao = -8, c = -28, A = 300, and/ = 1000. 

.-. a= •8(2-718)-08*. 

log a = 1-9031 + -084 X '4343 

= 1-9369. 
*•. a = -8702 sq. inch. 

(202.) To find the shape and defiection of a semi- 
girder of nniform section loaded at its extremity. 



i 



■^ 




k-i-x 



Fig. 39. 



Let I denote the length of the beam in inches, W the load , 
in lbs. at its extremity, the origin, X the axis of X, and j 
Y the axis of T. I 
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At a distance x from the end, the bending moment M, 
produced by W, is 

M = (Z-ir)W; 

"but the bending moment at a section is 

EI 



M = 



ET' 



-where E is the modnlns of elasticity of the material of the 
beam, I the moment of inertia of the section about a hori- 
zontal line through its centre of area, and B is the radius of 
curvature of the girder at the section. 
By Art. 32 

dry 

and since, in the case of beams, ^ is so small that we may 

ax 

neglect it, therefore we have 

B da;2' 
therefore 

EI^ = (Z-a;)W. -, 

dx^ ^ ^ h 

On integrating this differential equation once, we have 

EI-j^ = ("Za? - ^) W + constant. 
dx \ 2/ 

Now ■—- = where a? = 0, therefore the constant = : 
dx 

therefore we have 

which gives the slope of the girder for a given value of x. 
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Integrate again, and we have 



E 



No constant is added, since ^ = when x = 0. 

dx^ a\ W 
'•• 2^ = (-2---6)e-I- 

This gives the deflection y for any given value of as. The 
value of ^ is greatest where a; = Z, therefore greatest deflec- 
tion 



A = 



3EI 



(203.) To find the shape and deflection of a semi- 
girder of uniform section loaded uniformly with a 
load of w lb. per foot run. 

Let I denote the length of the semi-girder in feet, the 
axis of X and T, as in the preceding example. 



Fig. 40. 

The bending moment at a distance I '^ x from its ex- 
tremity is 

for the weight w (Z — a;) acts as if it were collected at a dis- 

Z — a? 
tance —^ — from the section, therefore 
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Integrating, we tave 

dx 2\ ^3/ 

No constant is added, since t^= 0, where x = 0. This 

dx 

d V 
equation gives the slope, -5-^ , of the girder for a given value 

dx 



of X. Integrate again^ and we have 

w/Px^ Ix^ 






+s> 



Here, again, no constant is added, since y = where a = 0. 
This equation gives the deflection for a given value of x. 
The greatest deflection, A, is where a; = Z. 

wl^ WP 



A = 



8EI 8EI 



where W = wl the total load. 

To get A in inches we must take I in inches, and the unit 
of length must be one inch in calculating I. 

(204.) To find the shape and deflection of a girder 
of uniform section loaded at its centre and supported 
at its ends. 

Let I denote the distance between the two supports, W 
the load at the centre. Suppose one half of this girder to 




Fig. 41. 



become embedded in a wall, then the shape of the beam 
will be unaltered, and the problem reduces to 202; but 
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W I 

instead of W we have — , and instead of { we have - ; there- 

fore the equation of the deflection curve is 



-^»H©i-t} 




vr 



+ 



Fig. 42. 



horizontal line through as the axis of X, and the vertical 
line through as the axis of Y, we have the bending moment 
at a distance x from the origin, 

«=Ta-«)-f(5-MS-)^ 



therefore 



-.^=l(j-4 



where y is the height above and x the distance from the 
centre of the beam. 

The greatest deflection is equal to the greatest value of 

y, that is, where a; = - . 

It 

(205.) To find the shape and the deflection of a 
girder of uniform section supported at its ends and 
loaded uniformly. 

Let I denote the length of the girder in feet, w the load 
per foot run. Taking the middle point as origin, the 
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Integrating, we have 



E 



dx "^KT """3A 
dy 



No constant is added, since -r^ = where a; = 0. 

ax 

Integrate again ; therefore 

" 2\ 8 12/ 

There is no constant added, since y = when a? = 0. 

The deflection is equal to the greatest value of y ; that is, 

where a? = - ; therefore 



A = 



5wZ* 



5WP 



384 EI 384 E I 



, where W = w Z. 



(206.) To find the shape and deflection of a girder 
of uniform section fixed at its ends and loaded at its 
centre. 

Let I denote the length of the girder in feet, W the load 
at its centre in lbs. 



t 



1 



Y 

Y 



'rf~-^-r^ f 



"W"^ 



t 

Fig. 43. 



i 



Taking the middle point as origin and axis, as in the 
preceding example, we have the bending moment at a 
distance x from the centre. 



(«) M=:^(|-.)-M', 
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where M' is the bending moment dne to the stresses in the 
girder at its intersection with the wall. Therefore 

dx" 2 \2 ) 
Integrating, we have 

There is no constant to be added, since —^ = where 

ax 

x= 0. 

We haye also j^ = where « = -, and this gives 

a X 2i 

M'= — . 

8 

The bending moment at the centre is got from (a) by 
substituting for a, and -^ for M'; therefore 



M = 



8 

wz wz wz 



i 8 8 

Integrating (h), we have 

/N -oT W/Za;2 aj3\ Wlx^ 

The constant is 0, since y = where x = 0. 
The greatest deflection is got by substituting - for x in 
equation (c) ; therefore 

192 EI* 

The points of inflection may be found from (a) by 
substituting for M ; that is 



«=IG'-')-^'= 
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Therefore 



I 

«: = -, 



tkat is, the middle segment is one-half the length of the 
girder. 

(207.) To find the shape and the deflection of a 
girder of uniform section fixed at its extremities 
and loaded uniformly. 




Fio. 44. 



Let I denote the length of the girder in feet, w the load 
per foot run, the axes as in the preceding example. The 
bending moment at a distance x from the middle is 



M 



-va-)-iG-')'-"-- • w 



-where M' is the bending moment due to the stresses in the 
girder at its intersection with the wall ; therefore 



E 






Q>) 



Integrating, we have 

—.■rdy w/'Px a^\ „, 

d 11 
The constant being 0, since -^^ = where x = 0. 

ax 

Again, where 



(c) 



226 PBOBLEHS INYOLYING THE CALCULUS. 

therefore 

M' = --^ where W = tcZ. 

Substituting in (c) for M' we have, on integrating, 

EI _ w(lx^ g*\ WZo;^ 
^ "" 2 \ 8 12/ 24 ' 

the oonstant being 0, since y = where a; = 0. 

The greatest deflection is got from this equation by 

substituting i for z. 

Hence 



A = 



384 E i 



The bending moment Mc at the centre is got from (a) by 
substituting for x and —r- for M'.; that is, 

wl I w /Zy WZ 
^' =" T ^ 2 " 2 ^ ^2/ " "12 • 

• • J^- 24' 

That is, the bending moment at the centre is half that at 
the intersection of the beam with the wall, or the beam is 
twice as ready to break at its intersection with the wall as at 
its centre. 

The points of inflection may be found from (a) by making 
M = 0. Therefore 



2 V4 "^ / " 12 • 



Hence a = ± • 288 Z ; therefore the middle segment | 

= -576 Z. J 

(208.) To investigate the rule for the strength of \ 
a thick cylindric pipe. 
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Pig. 45. 



Let Fig. 45 denote a section of a thick cylindrio pipe 
whose internal and external radii are r and B respectively, 
and let the internal pressure be p' lbs. per square inch and 
the external pressure q lbs. per 
square inch, which may be 
neglected, the safe tensile 
stress of the material /'. 

Consider a thin cylindric 
cx)axial shell of the pipe of 
radius x and thickness d Xj and 
let the internal pressure on 
this shell be p lb. per square 
inch, and the external pressure 
jp + dp lb. per square inch. 

The former pressure tends 
to burst the shell and the latter tends to crush it. Denoting 
the tensile stress in this shell by /, we have 

\2px -2 (p + dp)(x + dx) = 2fdxy 
and neglecting the differential of the second order, we have 

(/ + p)dx + xdp=:0. ... (a) 

Again, assuming that a plane section, before the pressure 
acts, remains a plane section under pressure, we have 

|> — / = c, a constant ; 

therefore / = jj — c. Substituting for / in equation (a), we 
get 

(2p '-c)dx + xdp=zO, 
that is. 



dx 



X 



+ 



dp 



= 0. 



2p-c 
Integrating, we have 

log a? + J log (2p — c) = constant ; 



therefore 



2 log X + log (2p — c) = constant. 



Q 2 



228 



PROBLEMS INVOLVING THE CALCULUS. 



Hence x^{2p^c) = 2A where A is a constant ; 

A c 

••• ^ = x^ + 2- 

This law bHows how the pressure diminishes as x increases. 
Where a; = r, jp = jp', and neglecting the external pressure, 
where a; =^ E, |> = ; therefore 



A. , c , , A , c 



Hence 



A = 



- P'J^^ and ? = - P'^^ 
R2«r2' 2 K2-r2 



But f* =p' — c ; therefore 



/'=!>' + 



2p'r« 



Therefore 



or thus 



/' _ R2 + r2 . 



E^-r 



,2 






(209.) To find the moment of 
inertia of a rectangle about a line, 
parallel to one of its sides, pass- 
ing through its centre of area. 

The moment of inertia of an area 
about a line is the sum of each element 
of the area multiplied by the square 
of its distance from the line. 

Let ABCD (Fig. 46) be a rec- 
tangle, L M a line through its centre 
parallel to A B. 

Let A B = 6 and B = d. 
Suppose the area split up into an indefinite number of 
strips, parallel to A B, whose breadth is dx; then an element 



A B 






djc 


I 


t 




l^  - ' 







D 



Fig. 46. 
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of area is hdx. The moment of inertia of this element about 
li M 18 x^ hdx where x is its distance from L M ; therefore 
the moment of inertia I, of the rectangle about L M, is 



d 



n2 ra;3-| 



d 
+ 2 



d 
2 



1 = 



"12 



(210.) To find the moment of inertia of a circle 
about its centre^ and also about a diameter. 

Let Fig. 47 represent a circle 
T^hose radius is r and whose 
centre is at the origin. 

Suppose the area split up 
into an indefinite number of 
^concentric strips, the breadth of 
each being d x, and let the radius 
of one of these strips be a;, then 
its area is 2 irxdx, and its mo- 
ment of inertia about the centre 
is 2 TTX^dx; therefore the mo- 
ment of inertia of the whole 
circle about its centre is 




Fig. 47. 



= 2 7r ra;3 6?a;=.2 7rr-T. 



Trr 



^2 



where A is its area, and Jc is the radius of gyration which is 
r 



The moment of inertia of the circle about a diameter is 
half its moment of inertia about its centre, since 

r^ = aj2 _|_ y2 
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where r is the distance of any element of area a from the 

origin, 

Now 

a r^ = a 05^ + a y', 



that is, le abont centre is equal to 1^ abont axis of X plus 
ly about axis of Y ; but it is evident that 

••• -^^ -^ -"64 

where d is the diameter, 

(211.) To find the moment of inertia of a cylinder 
about its axis. 

The moment of inertia of a mass about any line is the 
sum of all such terms as each little element of mass multiplied 
by the square of its distance from the line. Let I denote the 
length of the cylinder, r the radius of its end, p its density, 

IT* V 1 fi 

therefore its -mass is , and since by 210 the radius of 

9 
f 
gyration is -pi, it follows that 

I=-^~=massx^- 

(212.) To find the moment of inertia of a sphere 
of mass^ M, about its centre^ and also about a 
disuneter. 

Let r denote the radius of the sphere, and suppose it 
divided up into an indefinite number of concentric shells of 
thickness d x. Let the radius of any one of these shells be x ; 
its mass is therefore 

^TT px^ dx 
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and its moment of inertia abont the centre is 

4ir px^dx 
9 ' 

therefore the moment of inertia of the sphere about its 
centre is 

that is, 



f , , 4irr^p f^ 
Jo g ^ 



^ 3 ^ ^ 5 5 

The moment of inertia, Id, of a sphere abont a diameter is 
two-thirds of its moment of inertia about its centre. 
For 

and 

where m is an element of mass ; therefore 

2 
o 

that is, the moment of inertia about the axis of Z is | of I^. 

o o o 
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CHAPTEE XXV. 

APPLICATION OF THE CALCULUS TO SOME 

ELECTRICAL PROBLEMS. 



o 



>ir' 



vv^/\A/\/\A/w^ 

R 

Fig. 48. 



(213.) To find the law for 
the discharge of a condenser 
through a resistance with no 
self-induction. 

Let K denote the capacity of 
the condenser, V its potential, R 
the resistance in the circuit, and 
Q the quantity of electricity; 
then 

Q=KV, and C = J, 



and since the current diminishes as time increases, we have 



di" dt ^ R* 



therefore 



dY 



dt 



and on integrating we have 



where ^ is a constant. 
Let V = Vq when t 



= ; therefore 
h = log Vq. 



PKOBLEMS INVOLVING THE CALCULUS. 233 

.-. log— =-j^, 

or 

«_ 

V = Voe KR (a) 

If we want to find the resistance, E, we have 

E= =p-, 

or 

R = V- • • • 05) 

2-302Klog,o^ 

(a) gives the voltage at any time, t, when Vq, E and K 
are given, (fi) gives the resistance when t,KY and Vq are 
given. 

(214.) To find the law for the growth of a current 
in a circuit when the voltage suddenly changes from 
zero to V^ taking into account the self-induction in 
the circuit. 

Let E denote the resistance in the circuit, L the self- 
induction, C the current, and t the time in seconds. Then 

at 

This equation may be written thus 

dG _Iidt 

and on integrating we have 

,„,(V_o)=.B-' + , 

where ^ is a constant. 
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Let = when t = 0; therefore 



Hence 



or 



therefore 



therefore 






, BO _2i 



y / R*\ 

C = ^(i-e-ir). 



Helmholtz's equation. 

This law will give the current at any time, t seconds 
after the voltage suddenly changes from zero to V. 

If < = Qc the law becomes 

V 

= -n Ohm's law, 
K 

since e ^ = when < = oc. 

(215.) To destroy the effect of self-induction in a 
circuit by the introduction of a condenser shunt. 

Suppose we have a 
25 portion of a line A B to 

J^ signal through, and we 

want the whole arrange- 
ment, from A to B, to 
act as a mere resistance. 
Let V denote the poten- 
tial difference between 
A and B, B the resistance in the main circuit A B, L the 
self-induction. Let I be the self-induction and r the resist- 
ance in the condenser shunt. 




>- 
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The total current 

c V 

oombiued resistance 
The reciprocal of the combined resistance 

■I — - where $ = -=-■ 



and K is the capacity of the condenser. 

that is, 

^ - E + (L + BrK)^ + (EZK + LrK)^2 + LZK^3 V . 

This operation performed on the voltage gives the current. 

But we want Ohm's Law, viz. C = — . We want no self- 

B 

induction or capacity eflfects, therefore the coefficient of V 

must be equal to — . 

B 

Equate ~ and the coefficient, therefore 
B 

1 1 + K (r + B) ^ + K (Z + L) ^^ 

B""B + (L + BrK)^ + K(BZ + rL)^2 + LZK^3- 

Clearing of fractions and equating the coefficients of like 
powers of 0, we have 

BK(r + R) = L+BrK, . . . (a) 

EK(Z + L) = K(BZ + Lr), . . (h) 

and 

LZK = (c) 

Consider (c) L and K are not ; therefore Z = 0, that is, 
there must be no self-induction in the condenser branch. 
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Again, if i = 0, from equation (h) we get R = r, and from 
equation (a) we get 

That is, the reBistance in the main branch must be equal to 
the resistance in the condenser branch, and the capacity of 
the condenser must be equal to the self-induction in the 
main branch divided by the square of its resistance. 
Suppose the voltage obeys the law 

V = Vo sin p ty 
we have 

p l+K(R + r)^ + K(Z+L)^^ . 

^-R-f (L + RKr)(9 + K(R/ + rL)^2 + LZK(93^«®^^^* 
{ l-j>nL + OK} + K(R + r)^ ^ . 

m + nO ^ , 

= —7—; — r-?i Vn sm p t, say. 



See Example 199. 






/WWVAAAAA 
Fig. 50. 



(216.) To find the law for the 
discharge of a condenser of ca- 
pacity K^ through a resistance R, 
with self-induction L, in the cir- 
cuit. 

Let V be the potential difference, 
Q R the resistance, L the self-induction, 
and the current. 

We have 

V = RC-|-l4S . (a) 



dt 



Also, 

Q being the quantity of electricity. 
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Now 

^_ dQ dV, 

^-~-dt — ^-di' 

therefore 

dG _ (?2Y 

dt'' dt^' 

Substituting in (a) we get 

V = -EK^-LKg; 
dt dt^ 



therefore 



Assume 



d^V , E ciV 1 ^, ^ 



V = A;e««. 



^nd 



dt 



d^ V 



therefore substituting in (h) we get 

the auxiliary equation. 

K 



a; 3= — 



2L-V\4L2 LK/ 
that is, 



'*^" 2L 



- V (lK " 41?) ^^^^ = - a ± )8 V - 1 , 



where 



, = _ and^ = ^(j^-^). 
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If _1 — be positive, the solution of equation (h) is 

therefore 

V = fl-** (A^ cos )8 < + Aa sin j3 1). Art. 61. 

When < = 0, let V = Vo ; therefore A, = Vq. 
When « = 0, let C = 0; 

therefore 

aVo 



Aa--jg-. 



that is 



- a'fcos )8 < 4- -^ sin j3 «j, 



V = ^V(aM^)e-«* Bin(i8< + 0) . (1) 

where tan = - . 

a 

If — - = the solution is 
2 Li 

V = A^ cos /3 < + Aa sin fi L 
Let V = Vo when t = 0, and let = when < = ; 

.-. Aj = 0, and Aj = Vq; 

therefore 

Y = YoCOB pt (2) 

1 Tt^ * 

If — - = — - the two roots are equal, and the solution is 

L K 4 L^ 

V = (A + BOe-«'. . 

When 

« = OletV = Vo .-. A = Vo, 

and when 

« = OletC = .-. Bi=aVo; 

therefore 

V=Yo(l + aOe-"' . ... (3) 
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If V and t in equation (1) be plotted on squared paper, 
t horizontally and V vertically, we shall have a curve as 
shown in Fig. 51, which represents a damped vibration with 
diminishing amplitude. 




Fias. 51 to 53. 

If V and t in equation (2) be plotted as in equation (1), 
we shall have a curve as shown in Fig. 62, which represents 
an undamped vibration with ud diminishing amplitude. 

If V and t in equation (3) be similarly plotted, we shall 
have a curve as shown in Fig. 63, which shows that the con- 
denser is leaking. 

(217.) The sum of the averages of the voltd across 
two resistances is greater than the average volts 
between the two ends of those resistances. 

Let V denote difference of potential between A and B 
(Fig. 64), B the resistance, and L the coefficient of self- 
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induction; v the potential between B and F, r and I the 
resistance and self-induction respectively between B and F. 

C 

-* >— 




At any instant the total voltage between A and F is 

equal to 

{E + r + (L + ^} C, 

where C is the current. 
And 

V = (R + L «) 0, 
and 

v = (r + ie)C. 

Let C = a smpt; therefore the average current is equal 
a 

to —r-r. 

V2 

Therefore average 

and the average 

Also the average 

(V + «^) = ;^ V{(R + r)2 + (L+Z)2jp2}. 

It can be easily shown by algebra that 

therefore the sum of the averages of the volts across two 
resistances is greater than the average volts between the two 
ends of those resistances. 

(218.) To diminisli the idle current in the primary 
coil of a transformer by means of a condenser shunt. 
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Let K denote the capacity of the condenser, c the current 
in the condenser branch, V the voltage, C, L, and R the 




rujK 



o 



Fig. 55. 



cnrrent, self-induction and resistance respectively, in the 

primary coil of the transformer. 

Let V = a sin p L 

Now 

c=K(9V 
and 



that is, 



C + c 



1+RKtf +LK^ 



n + tti 



Operating on a sin p t we get 

C + c 



\ a sin p t. 



/(I - L Ky)2 + R2 E;2 2 ^ ^ 



R2 + L2 2> 
where = tan- ^ ( .^ ^ 1, and <^ = tan- ^ ( -^)« 

The ampUtude « ^ (1 - LK^^ B'KV j^ ^^^^ ^^^^ 
a if E is sufficiently small, B being small, and is a minimum 

^^°° ^ = (L pf + B' = "' ^^- 

B 



I 
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For given values of L, p and R, if (C + c) and K be 
plotted, we shall get a carve as shown in the accompanying 
figure, which shows how G+ c diminishes as K increases. 




Fig. 56. 

and when K = 8, G + c ib a, minimum. As E increases 
beyond «, C + c increases almost directly proportional to 
K - «. 

(219.) The Ferranti Eflfeot. If E be the voltage of 
the generator, C the current, p the resistance of the lamps, K 



RL 



"^.a^inpt rhj 



O 




Fio. 57. 



the capacity of the leads, acting as a condenser, L the self- 
induction, and R the resistance, a being the going lead, c the 
returning lead, and h a dielectric; then the voltage V is 
sometimes greater than E. 
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Now 



= X+^ = v(K.^i). 






and 



E - C (E + L (9) = V, 
where C (R + L ^) is the drop of volts in the leads. 

.-. V = 



E 



l+(R+L^)(Ktf + -) 



This denominator mnst be less than unity in order to make 
V greater than E. 

The denominator =1 + - + ^^- +RKj + LK^, 

and the effect of this inverse operation on a sine function 
a sin ptis 

rzBm (pt^ff), 



V = 



a 



y/(l + ?-J''LKj + J»^g + BK) 



where 



ff = tan- 1 



1 + ? _ «2 L K 
P 



IfK = 0, 
V = 



a 



VO ^ f )' + (*r )' 



sin (p < — 6j) 



where 



^-*--^(p-Tl> 



r'2 
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The eflfective voltage, if there is no condenser effect, is 

a 



V6 ^ ?) ^W 



,.2 

and the effective voltage with a condenser effect is 



a 



K may have such a value as will render the latter effec- 
tive voltage greater than the former, the condition being that 

-7=r- > B^ + jp^ L* when p = ex . 



MISCELLANEOUS EXAMPLES. 

1. "What is a differential coefficient? Give illustrations 
from velocity, from slope of curves, &c. 

2. Prove the rule for differentiating a quotient, also for 
a;™, sin oj, and log x. 

3. Prove that y- = -j- ^. 

ax ay ax 

4. Differentiate log (log x), e^^ sin ra?, (1 - ^'^) sin-^a;^ 

X 

/j.a7* and qx'^ 

5. If X = e y , find — ^ . 

ax 

6. Prove Taylor's Theorem. Give two examples of its use. 

7. State Maclaurin's Theorem. Expand a* and sin x. 

8. If y = sin k x, find -r-^ from first principles ; also find 
the differential coefficient of a product. 

9. Differentiate -7--^-==, Vl - x\ sin-ia?, and 

\ ft -f" X ~~ X 

2; sin X 
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10. Find r^-? ity= . 

11. Expand sin (x + a) in powers of a by Taylor's 
Theorem, and afterwards put x = 0. 

12. Find the value of .; 7- ^ when x — 0, 

log (1 + X) 

13. If c be the hypotenuse of a right-angled triangle, 
find the lengths of the other sides when the area of the 
triangle is a maximum. 

14. If V = x\ find -=—^ w < n. 

15. Describe the meaning of du = (-^jdx + (--—jdy. 

V d^ u d"^ u 

16. If t* = log tan -, prove that -^ r- = -:; r— . 

X ax ay ay ax 

17. Find the value of ;— 5 when a? = 0. 

sin^ X 

18. If t£ is a function of y and z, and these are both 
functions of x, prove that 



__ fdu\ dy .(du\d z 
\dyJ dx \d zj dx' 



du 

dx \dy 



Explain the meaning of this equation. Give illustrations. 

I£ u = z^ + y^ + z y, and z = sin x, y = c*, find — in two 

d X 

ways. 

19. Prove the rules for finding maxima and minima 
values of a function. Illustrate by a curve. 

20. Find the strongest rectangular beam which can be 
cut from a cylindrio tree. Find also the stiflfest beam. 

21. If the motion of a piston worked by a crank of length 
r, and connecting rod of length Z, is such that its distance x, 

from the end of its stroke when the crank makes an angle $ 

I* 

with the line of centre, is approximately a? = y (1 — cos ff) 
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^ (I .. 008 2 ff)j find the acceleration when 6 = 80°, 
r = 1 ft., I = 5 ft. 

JT — 1 , 

22. Find the limiting value of ^ ^ when x = 1. 

23. Prove the expressions for the mhtangent, subnormcil, 
and iniere^U on the axes by the tangent at any point to a 
curve. 

24. Find the equations of the tangent and normal to a 
curve at any point. Find these for the point (1, 6) on the 
curve y* = 36a;. 

25. Expand a' by Maclaurin's Theorem. In your answer 
put a = e, 

26. Expand log (1 + x) and tan - ^ a?. 

27. Find the true value of ; — when x = 0. 

X — sm X 

28. Divide 100 into two parts, so that five times the 
square of one part and three times the square of the other 
part shall be a minimum. 

29. If V = EC + -01 ^, and if C = 50 sin ?^, find 

at 'OS 

V, and roughly indicate the nature of C and V by curves. 

30. Find the area of an indicator diagram if the law of 
expansion is JJ r = const. Find pe in terms of p^ p^, and r, 
and the amount of work per cubic foot of steam, pe being 
effective pressure, p^ initial pressure, and p^ back pressure. 
Find r for a maximum amount of work per cubic foot of 
steam, assuming no condensation. 

31. Find the expressions for {he position of the centre 
and the radius of curvature of any curve at any point 

32. Find the radius of curvature at the vertex of the 
parabola y = mo^. 

33. Write out the integrals of »"*, , -= =. c*, 

° a? — a a^ + o:^ * 

 / 2~i — ^' 7 \~7 r\» /'(^)'^/(^)' 

wx^ + a^ (a? — a) (a? — 6) ^ '^ -^ ^ y 
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34. What is the rule for integrating by parts ? Apply it 

in the integration of V a^ — x^. 

34a. Find the equation to the cycloid. Find the length 
of the curve. 

35. Compare the volumes of a paraboloid of revolution, a 
cone and a cylinder on the same base and of the same height. 

36. Find the shape taken by a flexible chain loaded 
uniformly horizontally. 

37. If V = EC + L ^, and I = a sin ^^ find V. 

38. Find the Area of the hypothetical indicator diagram, 
the law of the expansion being p v* = const., and afterwards 

the work done per cubic foot of steam. Cut off at - of the 

r 

stroke. 

89. Find the moment of inertia of a cylinder about its 
axis. 

40. Integrate 

(a.2 ^. 7 a; _|. 12) - 1, (i + a? + a^) - 1, e««sinma?, 

Va^"^^^~S^, and sin m x cos n x, 

41. Explain how we determine the most economical 
electrical conductor (a) for a constant current, (6) to deliver 
a definite amount of power at a distant place. 

42. 120,000 watts are to be delivered 3 miles away; 
dynamo voltage 1000. Find the proper conductor. Compare 
the answer with answer given by Lord Kelvin's rule. 

43. A straight uniform beam is fixed at one end and 
loaded at the other; find its shape when loaded. 

sin^ kx dx, I sin h x cos rxdx, 

Jo 

46. Investigate the equation to the catenary. Find the 
length of an arc of it, and its area. 

46. Define sin hx, cos hx, tan h x, sin h^^ x and cos h"^ x, 

47. Integrate 

(1 - 2 a? + 2 a2)-i, ( 1 + a - x^) '\ (a + 6 cos e)-\ 

X log Xy and x^ e* . 
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48. Find the area of the segment of an ellipse. 

49. Find the surface generated by the revolution of 

about the axis of X. 

dG 

60. If V = a + 6 sin n<, find C when V = R C + L jj 

Give the complete value of C. Why do we not usually give 
the complete value ? 

61. Neglecting evanescent terms, given V = a sin n t, 
find the current in a circuit which has resistance, self- 
induction and capacity. 

62. Prove the rules for the development of a function in 
Fourier's Series. 

63. If C = Oq -f" ^i sin I? < + &! cos j? < + Oj sin 2 p < + 
^2 cos 2pt + &c.y what does a metre measure ? 

64. Solve -=-5- + aj- + hx = 0. Show how, as a in- 

ar at 

creases from 0, the nature of the solution changes. Apply to 
any dynamical or electrical problem. 

66. State exactly what is meant hy M.dx + "N dy being 
a complete differential. What is the test ? Why ? 

66. Integrate xy(l + x^)dy — (1 + y^^ dx = 0, 

xdy ^ y dx — ^/x^ + y'^ d x = 0. 

67. Integrate 

X (1 - x^)^ + (2 x^ ^ 1) y = hx\ 

d^ y ^ dy , ^^ 
dx^ dx ^ 

58. Solve 6^v + f0v + n'^v = 0y showing the various 
kinds of solution for different values of / and w. Apply the 
solution either to the discharging of a condenser or to the 
damping of vibrations of a body. 
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59. Prove the rule for destroying the effects due to self- 
induction in a brancli of a network of conductors. 

60. Explain what is meant by C^ r H — in -electrical 

T 

problems. If C is constant, find the condition of maximum 
economy. What is t usually,' and on what assumption ? 

61. Operate with 

gj^ie + cO'^ + de^ + ee' 

d 



upon A sin kt; means 



dt' 



62. Find r and K so as to destroy effects of self-induction, 
for all outside circuits. Current following any law whatever. 

63. Develop the periodic function. 




64. Integrate 

r dx r 

jl+«,_a.2' J; 



Fig. 58. 



dx 



r dx 

' J ^/x^ — ax 



S. 



dx 



,2» 



a?^ -|- 4 a; -I- 5 
JeP'^^Bvn.mxdx, and jeP^ ^ x dx. 



ax ^ X' 

Qb, Find the area of a loop of the curve r^ = a^ cos 3 0, 

66. Find the moment of inertia of a rectangle about a 
line through its centre parallel to one side. 

67. Find the centre of area of a sector of a circle. 

68. Find the law of tension in a belt on a pulley when 
slipping is occurring. 

69. Find the law of leakage from an electric condenser 
through a constant resistance. 
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70. When is ^ (a?, y')dx + ipQc, y)dy a complete dif- 
ferential ? 

71. When is x cos x a maximum or minimum ? 

72. Integrate (1) sin x cos y d a? — cos x^my dy = 0. 

j^^^ dy , 

(2) -^ + cos « w = sm a? cos x, 
^ ^ dx 

(3) (y -- x)dy + ydx=: 0. 

73. Investigate the motion of a body vibrating under the 
action of a frictional resistance. 

74. What is the meaning of 



\dx J \dx J 



Illustrate by an example. 

75. Find the tangent, normal, subtangent and subnormal 
to a?"* y^ = a. 

76. In the curve whose equation is ajl + yl = at, show 
that the part of the tangent intercepted between the axes 
is a, 

78. Find the volume and surface of a paraboloid of 
revolution bounded by a section at right angles to the axis. 

79. Find the moment of inertia of an ellipse about its 
major axis. 

80. Prove that the moment of inertia of a body about 
any axis is equal to its moment of inertia about a parallel 
axis through its centre of mass, plus the whole mass multi- 
plied by the square of the distance between the axes. 

81. Find the moment of inertia of a circle (a) about its 
centre, (6) about a diameter. 

82. Find the moment of inertia of a sphere (a) about its 
centre, (&) about a diameter. 



i 
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83. Find the moment of inertia of a right cylinder about 
its axis. 

84. Solye(2x + 4y + 7)dx + {x+ 7y + l)dy = 0. 

85. Neglecting evanescent terms, given V = a sin n t, 
find the current in a circuit which has resistance R, capacity K, 
and self-induction L. 

86. Develop the periodic function. 




Fig. 59. 

87. Express the motion of the piston of a steam engine 
approximately as two simple harmonic motions. 

88. With the hypothetic law, work per cubic foot of 

steam = 144 r | ^ ^L±i?ii: j .. p^ | ^ ar. If Mr. Willans' 

best law of cut-oflF, r = — , ^^ , is correct, find how x 

Ps + 1(> 

depends on r. 

89. Show that when a curve is very flat, -^ is its 



dx' 



curvature. 



90. Solve 



^^y t jr^y 



d^+^5t + 25, = o. 



1st. When /is greater than 10, say/ = 12. 
2nd. When /is equal to 10. 

3rd. When / is less than 10, say / = 8, or 6, or 4, 
or 2, or 0. 

91. Plot the three kinds of curves you obtain in Ex- 
ample 90. 

92. Find the area of a cycloid, the radius of the gene- 
rating circle being r. 
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93. Find exprepsions for the position of the centre of 
curvature of a curve. 

94. For what curves is it true that the subnormal is 
constant ? 

95. Expand log (x + h), and put x = 1. 

96. Integrate (x^ — 36)" ^, sin^ x, and cos^ x. 

97. If y = a; (20 — a?), for what value of x will y have its 

d V 
greatest value ? If -r^ = ^ y, show that y = ae^^. 

98. Show by actually plotting points on squared paper 
that if we add the ordinates of y = a sin x, smd y = h cos x, we 



obtain the curve y = va^ + 6^ sin (x + e), where e = tan- ^ — 



a 



99. Write in words the meaning of 

100. Find the maximum and minimum values of 
(a + x)(b + x) 9 a;2 + 6 a; - 7 a^ h^ 



X 12 a; — 8 x a — x 

101. Find two factors of a, so that the sum of their 
squares is a minimum. 

102. Solve (3a;- 7y + 7)dy + (7 x -Sy + S)dx = 0. 

103. If X is the distance of the piston of a steam engine 
from mid-stroke, ^, angle of crank from dead point, r length 
of crank, neglecting angularity of connecting rod, x = r cos 0. 

Take = — m-j where T = time in seconds of one revolution. 

If weight of piston is 200 lb., r = 1 foot. Make a diagram 
showing forces acting on piston rod due to acceleration of 
piston. 

104. If Z is length of connecting rod, the motion of piston 
may be taken as very nearly being one simple harmonic 
motion plus a much smaller one of half the period. Or 

a; = r cos ^ — j^ (1 — cos 2 ff). Now find the diagram of 
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accelerating forces if Z = 4 feet. Observe that the over-tone 
or " kick " becomes more important in the acceleration than 
it was in the mere motion. 

105. Find the subnormal and sub tangent of the curve 
whose equation is y" = a" " ^ x. 

106. Show that if « = a e-^^ sin n t, then 

107. When the rate of increase of a quantity is propor- 
tional to the quantity, or 

dy 



show that 



ax 



y = a e**. 



This has been called the compound interest law. Show that 
it is the law for the sections of long pump-rods, &c. ; law for 
leaking electric condensers ; law for belts slipping on pulleys ; 
law for atmospheric pressure as one changes in level ; and 
many other cases. 

108. If 

y = A sin n a? + B cos n x, 

where A and B are any constants whatever. 

109. Find the area of the curve y = aa^ between the 
ordinates x = x' and a? = ajg • Show the shape of this curve 
when n = 2, when n = J, and when w = — 1*1. The answer 
is indeterminate when « = — 1. What is then the area? 

110. Find the volume and surface of a sphere. 

111. Integrate tana,. ^-^-^, ^^==^,, ^^p^„ 



x^ 1 , a^ 



and 



^/x + a+^x' Va«-a;«' a? log a;' (a + Hxf' 
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112. Integrate -5—; ; — ; sliow that we obtain quite 

X* -{^ p X -{- q 

different answers for certain values of p and q. 

113. Integrate ^ ^^ + ^ ^ (5 a-a + 4 3. + s)- 1, and 

X "j~ p X "J" q 

/dx ^ r dx 

114. Integrate bj parts — 

a log Xf Va^ — a?^ and a^ e**. 

115. If « = a + b < + c <^, find velocity and acceleration. 
What are a, b, and c ? If « = a sin p t, find velocity and 
acceleration. What do a and p mean? Deduce the rule for 
finding the periodic time in simply vibrating bodies. 

116. Find the result of the operation — 

A + B^ + C^^ + D^ 

a + hO + ce + de^ 

upon TO sin p L Use this in finding the current in a circuit 
whose E.M.F. is TOsinjj*, with resistance E, self-induction 
L, and having in series a condenser of capacity K, If there 
is no E.M.F., find the current (that is, find the surging 
current when the condenser is discharged through this 
circuit). 

117. Prove Taylor's Theorem. Expand sin x by Mac- 
laurin's Theorem. 

118. Illustrate 3 — 5— = -^ — =- by taking w = log ( tan- V 

dxdy dy dx '' ° °\ xj 

119. What are the rules for finding maxima and minima 
values of a function of one variable ? Illustrate by curves. 
The volume of a cylinder being fixed, find its height "h and 
radius r when the sum of the areas of its convex surface and 
one end is a minimum. 

120. Find the tangent through the point (1, 5) to the 
curve y = a «*. 

121. Find the curvature at the origin in the curve 
^ = a »*. 
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122. A straight beam of uniform section, fixed at one end 
and loaded uniformly. Find its shape. 

123. Integrate 

^ d'^y dy 

2 — ^ — 15 « = 0, 

dx^ dx 



and 



dx^ dx 



124. A man sitting in a train says : " We are now going 
at sixty miles an hour." What does he mean? Illustrate 
your answer by a curve. 

125. Find the square root of mean square of a sin|> U 

126. Compare the areas of a parabolic segment, a rectangle, 
and a triangle on the same base and with same height. 

127. Prove that a chain loaded uniformly horizontally is 
a parabolic curve. 

128. What curves have their subtangents = a;^ ? 

129. Find by integration the centre of gravity of a 
segment of a paraboloid of revolution whose base is per- 
pendicular to its axis. 

130. Find the moment of inertia of a circular cylinder 
about a diameter of one of its ends. 

x^ + x^ ^ 2 X a + hx + cx^* 

132. Integrate 

1±^ + ^ - 1/4- JIFaTH^ ^x^. 

1 + y^ dy-^' y+ "^"^ +y "''dx 

133. State the rule for solving linear differential equations 
with constant coefficients. Find y if 

134. Find the volume and surface generated by the revo- 
lution of an equilateral triangle about a line passing through 
its vertex parallel to its base. 

135. If the law of expansion of steam in the cylinder of a 
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steam engine be p t;^ = oonst., the work done per stroke in 
foot-pounds is 

^M^ k^i -^M, 

where 2 is the stroke in feet, a the cross-section of the piston 
in square inches, p' the initial pressure, p^ the back pressure, 
the cut-off taking place at one rth of the stroke. Prove this. 
What is the true value when A; = 1 ? 

136. Find the volume generated by a cycloid revolving 
about its base. 

137. Find the moment of inertia of an ellipse about a 
diameter. 

138. Find the shape assumed by a uniformly heavy 
telegraph wire hanging between two points of support. 



139. Solve j-^ + Z^ y = cos TO aj. 



140. Solve ^,^2a^ + a^y = ^. 
ax* ax 
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I ing at the Hartley Institute, Southampton. Plates^ 8vo, cloth, 2s, 6d. 

Electro-Motors. — The practical management of 

Dynamos and Motors, By Francis B. Crocker, Professor of Electrical 
Engineering, Columbia College, New York, and Schuyler S. Wheelek, 
D.Sc. Cuts^ crown 8vo, cloth, 4J. 6^. 

Engineering Drawing. — Practical Geometry, 

Perspective and Engineering Drawing ; a Course of Descriptive Geometry 
adapted to the Requirements of the Engineering Draughtsman, includin g 
the determination of cast shadows and Isometric Projection, each chapter 
being followed by numerous examples ; to which are added rules for 
Shading, Shade-lining, etc, together with practical instructions as to the 
Lining, Colouring, Printing, and general treatment of Engineering Draw- 
ings, with a chapter on drawing Instruments. By George S. Clarke, 
Capt. R.E. Second edition, with 21 plcUes. 2 vols., cloth, los, 6d, 
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Engineers' Tables. — A Pocket-Book of Useful 

Formula and Memoranda for Civil and Mechanical Engineers* By Sir 
GaiLFORD L. MoLESWORTH, Mem. Inst C.E., and R. B. Molesworth. 
With numerous illustrations^ 782 pp. Twenty-third edition, 32mo, 

roan, 6/. synopsis of contents : 

Sunrejriag, Levelling, etc.— Strength and Weight of Materials— Earthwoxlr, Brickwork, 
Masonry, Arches, etc.— Struts, Columns, Beams, and Trusses — Floormg, Roofing, and Roof 
Trusses^-Girders, Bridges, etc.— Railways and Roads— Hydraulic Formulae— Canals, Sewers, 
Waterworics, Docks — Irrigation and Breakwaters — Gas, Ventilation, and Warming^Heat, 
Light, Colour, and Sound — Gravity : Centres, Forces, and Powers — MiUwork, Teeth of 
Wheels, Shaftmg, etc.— Workshop Recipes — Sundry Machinery^-Animal Powers-Steam and 
the Steam Eln^ne— Water-power, Water-wheels, Turbines, etc. — Wind and Windmills — 
Steam Navigation, Ship Building, Tonnage, etc.— Gunnery, Projectiles, etc.— Weig;hts, 
Measures, and Money— Trigonometry, Conic Sections, and Curves— Telegraphy— Mensura- 
tion— Tables of Ax^is and Circumference, and Arcs of Circles — Logarithms, Square and 
Cube Roots, Power»— Reciprocals, etc. — Useful Numbers— Differendal and Integral Calcu- 
lu*— Algebraic Signs— Telegraphic Construcdon and Formulae. 

Engineers' Tables. — Spons Tables and Memo- 

randafor Engineers, By J. T. Hurst, C."E. Twelfth edition, revised and 
considerably enlarged, in waistcoat-pocket size (2f in. by 2 in.), roan, 
gilt edges, u. 

Experimental Science. — Experimental Science : 

Elementary, Practical, and Experimental Physics. By Geo. M. Hopkins. 
Illustrated by 890 engravings, 840 pp., 8vo, cloth, idr. 

Factories. — Our Factories, Workshops, and Ware- 
houses: their Sanitary and Fire- Resisting Arrangements. By B. H. 
Thwaitb, Assoc, Mem. Inst C.E. With 183 wood engramngs, crown 
8vo, doth, 9^. 

Fermentation. — Practical Studies in Fermentation, 

being contributions to the Life History of Micro-Organisms. By Emil 
Ch. Hansen, Ph.D. Translated by Alex. K. Miller, Ph.D., 
Manchester, and revised by the Author. With numerous illustrations, 
8vo, cloth, I2s, 6d. 

Foundations. — Notes on Cylinder Bridge Piers 

and the Well System of Foundations, By John Newman, Assoc. M. 
Inst. C.E., 8vo, cloth, 6s, 

Founding. — A Practical Treatise on Casting and 

Founding, including descriptions of the modem machinery employed in 
the art. By N. E. Spretson, Engineer. Fifth edition, with 82 plates 
drawn to scale, 412 pp., demy 8vo, cloth, i8f. 

French Polishing. — The French - Polishers 

Manual, By a French- Polisher; containing Timber Staining, Washing, 
Matching, Improving, Painting, Imitations, Directions for Staining, 
Sizing, Embodying, Smoothing, Spirit Varnishing, French-PoUshing, 
Directions for Repolishing. Third edition, royal 32mo, sewed, 6df. 
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Furnaces. — Practical Hints on the Working and 

Construction of Regenerator Furnaces^ being an Explanatory Treatise on 
the System of Gaseous Firing applicable to Retort Settings in Gas 
Works. By Mau&ice Graham, Assoc. Mem. Inst. C.£. Cuts^ 8vo, 
cloth, 3^. 

Gas Analysis. — The Gas Engineers' Laboratory 

Handbook, By JOHN HoRNBY, F.I.C., Honours Medallist in Gas 
Manipulation, City and Guilds of London Institute. Numerous illus^ 
trationst crown 8vo, cloth, 6s. 

CONTENTS : 
The Balance— Weights and Weighing— Sampling— Mechanical Division — Drying and 
Desiccation — Solution and Evaporation — Precipitation— Filtration and Treatment ot 
Precipitates— Simple Gravimetric Estimations — Volumetric Analyses— Special Analyses 
required by Gas Works — ^Technical Gas Analysis — Gas Referees' Instructions, etc. etc 

Gas Gngines. — Gas and Petroleum Engines: a 

Practical Treatise on the Internal Combustion Engine. By Wm. Robin- 
son, M.E., Senior Demonstrator and Lecturer on Applied Mechanics, 
Physics, &c.. City and Guilds of London College, Finsbury, Assoc. Mem. 
Inst C.E., &c. Numerous illustrations, 8vo, cloth. 

Gas Engineering. — Manual/or Gas Engineering 

Students, By D. Lee. i8mo, cloth, is. 

Gas Works. — Gas Works: their Arrangement, 

Construction, Plant, and Machinery. By F. COLYSR, M. Inst. C.E. 
fViih Zl folding plates^ 8vo, cloth, I2s. 6d. 

Gold Mining. — Practical Gold-Mining: a Com- 
prehensive Treatise on the Origin and Occurrence of Gold-bearing Gravels, 
Rocks and Ores, and the Methods by which the Gold is extracted. By 
C. G. Warnford Lock, co- Author of * Gold : its Occurrence and Extrac<« 
tion.* With 8 plates and 275 engravings in the text, 788 pp., royal 8vo, 
cloth, 2/. 2s, 

Graphic Statics. — The Elements of Graphic Statics. 

By Prof^or Karl Von Ott, translated from the German by G. S. 
Clarks, Capt R.E., Instructor in Mechanical Drawing, Royal Indian 
Engineering College. With 93 illustrations y crown 8vo, cloth, 5/. 

Graphic Statics. — The Principles of Graphic 

Statics, By George Sydenham Clarke, Capt. Royal Engineers. 
With 1 12 illustrations. Second edition, 4to, doth, I2x. 6</. 

Graphic Statics. — Mechanical Graphics. A 

Second Course of Mechanical Drawing. With Preface by Prof. Perry, 
B.Sc, F.R.S. Arranged for use in Technical and Science and Art Insti- 
tutes, Schools and Colleges, by George Halliday, Whitworth Scholar. 
With illustrations y 8vo, cloth, dr. 
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Graphic Statics. — A New Method of Graphic 

Statics^ applied in the construction of Wrought>Iron Girders, practically 
illustrated by a series of Working Drawings of modem type. By 
Edmund Olander, of the Great Western Railway, Assoc Mem. Inst. 
C.E. Small folio, cloth, lor. 6d, 

Heat Engine. — Theory and Construction of a 

Natural Heat Motor, Translated from, the Germsin of Rudolf Diesel 
by Bryan Donkin, Mem. Inst. C.E. Numerous cuts and plates^ 8vo, - 
cloth, 6j. 

Hot VlAter.— Hot Water Supply: a Practical 

Treatise upon the Fitting of Circulating Apparatus in connection with 
Kitchen Range and other Boilers, to supply Hot Water for Domestic and 
General Purposes. With a Chapter upon Estimating. By F. Dye. 
With illustrations^ crown 8vo, cloth, y. 

Hot Water. — Hot Water Apparatus: an Ele- 
mentary Guide for the Fitting and Fixing of Boilers and Apparatus for 
the Circulation of Hot Water for Heating and for Domestic Supply, and 
containing a Chapter upon Boilers and Fittings for Steam Cooking. By 
F. Dye. 32 illustrations, fcap. 8vo, cloth, is, 6d, 

Household Manual. — Spans' Household Manual : 

a Treasury of Domestic Receipts and Guide for Home Management. 
Demy 8vo, cloth, containing 975 pages and 250 illustrations, price *js, 6d. 

principal CONTENTS: 

Hints for selecting a good House — Sanitation — Water Supply— Ventilation and Warming 
— Lighting — Furniture and Decoration — ^Thieves and Fire — The Larder — Curing Foods for 
lenethened Preservation— The Dairy— The Cellar— The Pantry— The Kitchen— Receipts for 
Dishes — The Housewife's Room— Housekeeping* Marketing — The Dining-Room — ^The 
Drawing-Room— The Bedroom— The Nursery— The Sick-Room— The Bath-Room— The 
Laundry— The School-Room— The Playground- The Work-Room— The Library— The 
Garden — The Farmyard — Small Motors — Housdiold Law. 

House Hunting. — Practical Hints on Taking a 

House, By H. Percy Boulnois, Mem. Inst. C.E., City Engineer, 
Liverpool, Author of * The Municipal and Sanitary Engineer's Hand- 
book,* * Dirty Dustbins and Sloppy Streets,* &c. i8mo, cloth, is, 6d, 

Hydraulics. — Simple Hydraulic Formulce. By 

T. W. Stone, C.E., late Resident District Engineer, Victoria Water 
Supply. Crown 8vo, cloth, 4f. 

Hydraulic MsLchinery.— Hydraulic Steam and 

Hand-Power Lifting and Pressing Machinery, By Frederick Colyer, 
M. Inst. C.E., M. Inst. M.E. Second edition, revised and enlarged. With 
%^ plates, 8vo, cloth, 28j. 
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Hydraulic Motors. — Water or Hydraulic Motors. 

By Philip R, Bjorling. With 206 illustrations, crown 8vo, cloth, 9/. 

CONTENTS : 

I. Introduction—- a. Hydraulics relating to Water Motors— 3. Water->whcels— 4. Breast 

Water-wheels — 5. Overshot and High-breast Water-wheels— 6. Pelton Water-wheels— 7. 

General Remarks on Water-wheels— 8. Turbines— 9. Outward-flow Turbines— 10. Inwsurd- 

flow Turbines — 11. Mixed-flow Turbines— xa. Parallel-flow Turbines— 13. Circumfei^ential- 

flow Turbines — 14. Regulation of Turbines — 15. Detaik of Turbines^i6. Water-pressure or 

Hydraulic Engines — xj. Reciprocating Water-pressure Engines — x8. Rotative Water- 

i pressure Engines — xo. Oscillating Water-pressure Engine»— 40. Rotary Water^pressure 

Engines — ax. General Remarks and Rules for Water-pressure Engines — aa. Hydraulic Rams 

, —33. Hydraulic Rams without Air Vessel in Direct Communication with the Drive Pipe— 

i 94. Hydraulic Rams with Air Vessel in Direct Communication with the Drive Pipe — is* 

1 Hydraulic Pumping Rams— 26. Hydraulic Ram Engines— 37. Details of Hydraulic Rams— 

r s8. Rules, Formulas, and Tables for Hydraulic Rams — ag. Measuring Water in a Stream 

I and over a Weir— Index. 

Hydropathic Establishments. — The Hydro- 

j pithic Establishment and its Baths, By R. O. Allsop, Architect. 
Author of * The Turkish Bath.' Illustrated with plates and sections, 8vo, 
cloth, 5j. contents : 

General Considerations — Requirements of the Hydropathic Establishment — Some existing 
Institutions — Baths and Treatments and the arrangement of the Bath-House— Vapour Baths 
and the Russian Bath — ^The Douche Room and its appliances — Massage and Electrical 
Treatment— Pulverisation and the Mont Dore Cure— Inhalation and the Pine Cure— The 
Sun Bath. 

Ice Making. — Theoretical and Practical Ammonia 

Refrigeration, a work of Reference for Engineers and others employed in 
the management of Ice and Refrigeration Machinery, By Iltyd L. 
i Redwood, Assoc. Mem. Am. Soc. of M.E., Mem. Soc. Chemical Indus- 
try. With z^ plates, Squai-e i6mo, cloth, 4J. (>d. 

Indicator. — Twenty Years with the Indicator. By 

Thomas Pray, Jun., C.E., M.E., Member of the American Society of 
Civil Engineers. With illustrations, royal 8vo, cloth, lOf. dd. 

Indicator. — A Treatise on the Richards Steam.- 

Engine Indicator and the Development and Application of Force in the 
Steam-Engine, By Charles T. Porter. With illustrations. Fourth 
edition, revised and enlarged, 8vo, cloth, 9^. 

Induction Coils. — Indvction Coils and Coil 

Making : a Treatise on the Construction and Working of Shock, Medical 
and Spark Coils. By F. C. Allsop. With 118 illustrations, crown 8vo, 
cloth, 3J. (id. 

Iron. — The Mechanical and other Properties of Iron 

and Steel in conttection with their Chemical Composition, By A. VoSMAER, 
Engineer. Crown 8vo, cloth, 6j. 

CONTENTS : 
The metallurgical hehaviour of Carbon with Iron and Steel, also Manganese — Silicon- 
Phosphorus — Sulphur — Copper— Chromium — Titanium— Tungsten— Aluminium— Nickel- 
Cobalt— Arsenic— Analj'ses of Iron and Steel, &c. 
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Iron Manufacture. — Roll- Turning for Sections in 

Steel and Iron, working drawings for Rails, Sleepers, Girders, Bulbs, 
Ties, Angles, &c., also Blooming and Cogging for Plates and Billets. 
Bv Adam Spbncer. Second edition, with 78 large plates. Illustrations 
of nearly every class of work in this Industry. 4to, cloth, i/. lox. 

Locomotive. — The Construction of the Modem 

Locomotive. By George Hughes, Assistant in the Chief Mechanical 
£ngineer*s Department, Lancashire and Yorkshire Railway. Numerous 
engravings^ 8vo, cloth, 9/. 

CONTENTS : 

The Boiler— The Foundry— the Use of Steel Castings— Brass Foundry— The Forge— 
Sixuthy» indudiog Spriags— Coppersmiths' Woik—- The Machine Shop— Erecting. 

Lime and Cement. — A Manual of Lime and 

Cement^ their treatment and use in construction. By A. H. Heath. 
Crown 8vo, cloth, 6j. 

Lfiquid Fuel. — Liquid Fuel for Mechanical and 

Industrial Purposes, Compiled by E. A. Brayley Hodgetts. With 
wood engravings, 8vo, doth, 5x. 

Machinery Repairs. — The Repair and Mainten- 
ance of Machinery ; a Handbook of Practical Notes and Memoranda for 
Engineers and Machinery Users. By T. W. Barber, C.E , M.E., 
Author of * The Engineers' Sketch Book.' With about 400 illustrations^ 
8vo, cloth, 10 J. 6</. 

contents : 

Steam Boilers — Prime Movers— Wind Motors and At Engines— Water Motors- 
Transmission of Power— Hoisting Machinery—- Transport — Machine and Hand Tools- 
Wood Machinery— Pipe Work— Presses — Printing — Repairing Shops and Tools— Laundries. 

Magneto Hand Telephone. — The Magneto 

Hand Telephone, Its construction, fitting-up, and adaptability to e^ery- 
day use. By Norman Hughes. Cuts^ i2mo, cloth, 3^. 6^. 

Mechanical Engineering. — Handbook for Me- 
chanical Engineers, By Henry Adams, Professor of Engineering at 
the City of London College, Mem. Inst. C.E., Mem. Inst M.E., &c. 
Second edition, revised and enlarged. Crown 8vo, cloth, dr. 

CONTENTS : 

Fundamental Principles of Mechanics — ^Varieties and Properties of Materials — Strength 
of Materials and Structures — Pattern Making — Moulding and Founding— Forging, Welding 
and Riveting— Workshop Tools and General Machinery — ^Transmission of Power, Friction 
and Lubrication — ^Thermodynamics and Steam — Steam Boilers — ^The Steam Engine— Hy. 
draulic Machinery— Electrical Engineering"— Sundry Notes and Tables. 
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Mechanical Engineering. — The Mechanician : 

a Treatise on the Construction and Manipulation of Tools, for the use and 
instruction of Young Engineers and Scientific Amateurs, comprising the 
Arts of Blacksmithing and Forging ; the Construction and Manufacture 
of Hand Tools, and the various Methods of Using and Grinding them ; 
description of Hand and Machine Processes ; Turning and Screw Cutting. 
By Cameron Knight, Engineer. Containing 1147 ii^tistrations^ and 
397 P^cs of letter-press. Fourth edition, 4to, doth, i&r. 

Mechanical Movements. — The Engineers' Sketch- 

Book of Mechanical Movements f Devices ^ Appliances, Contrivances, Details 
employed in the Design and Construction of Machinery for every purpose^ 
Collected from numerous Sources and from Actual Work. Classified and 
Arranged for Reference. Nearly 2000 Illustrations, By T. W. Barber, 
Engineer. Second edition, 8vo, cloth, is, dd. 

Metal Plate V^ov^.— Metal Plate Work: its 

Patterns and their Geometry, Also Notes on Metals and Rules in Men- 
suration for the use of Tin, Iron, and Zinc Plate-workers, Coppersmiths^ 
Boiler-makers and Plumbers. By C. T. Millis, M.T.M.E. Second 
edition, considerably enlarged. With numerous illustrations. Crown 
8vo, cloth, 9J. 

Metrical Tables. — Metrical Tables. By Sir G. L. 

Molesworth, M.I.C.E. 32mo, cloth, ix. 6^. 

Mill-Gearing. — A Practical Treatise on Mill- Gear- 
ing, Wheels, Shafts, Riggers, etc, ; for the use of Ei^gineers. By Thomas 
Box. Third edition, with 1 1 plates. Crown 8vo, cloth, yx. 6^. 

Mill - Gearing. — The Practical Millwright and 

Engineer's Ready Reckoner; or Tables for finding the diameter and power 
of cog-wheels, diameter, weight, and power of shafts, diameter and 
strength of bolts, etc. By Thomas Dixon. Fourth edition, i2mo, 
cloth, 3/. 

Miners' Pocket-Book. — Miners' Pocket-Book ; a 

Reference Book for Miners, Mine Surveyors, Geologists, Mineralogists, 
Millmen, Assayers, Metallurgists, and Metal Merchants all over the 
world. By C. G. Warnford Lock, author of * Practical Gold Mining,' 
' Mining and Ore-Dressing Machinery,' &c. Second edition, fcap. Svo,. 
roan, gUt edges, I2j. 6</. contents : 

Motive Power— Dams and Reservoirs — Transmitting Power— Weights and Measures- 
Prospecting — Boring — Drilling — Blasting — Explosives — Shaft Sinking — Pumping — Venti- 
lating — Lighting— Coal Cutting — Hauling and Hoisting — Water Softening— Stamp Batteries 
—Crushing Rolb— Jordan's Centrifugal Process — River Mining — Ore Dressing— Gold, Silver, 
Copper Smelting— Treatment of Ores — Coal Cleaning— Mine Surveying — British Rocks- 
Geological Maps— Mineral Veins— Mining ^lethods — Coal Seams— Minerals — Preciousi 
Stones — Metals and Metallic Ores-— Metalliferous Minerals— Assaying— Glossary^-Iist oft 
Useful Books— Index, &c.* &c., &c. 
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Mining and Ore-Dressing Machinery. — By 

C. G. Warnford Lock, Author of ' Practical Gold Minibg.' Numerous 
illustrations^ super-royal 4to, cloth, 2$;. 

Mining. — Economic Mining; a Practical Hand- 
book for the Miner, the Metallurgist, and the Merchant. By C. G. 
Warnford Lock, Mem. Inst, of Mining and Metallurgy, Author of 
'Practical Gold Mining.' With illustrations ^ 8vo, cloth, 2IJ. 

Municipal Engineering. — The Municipal and 

Sanitary Engineer's Handbook. By H. Percy Boulnois, Mem. Inst. 
C.E., Borough Engineer, Portsmouth. With numerous illustrations. 
Second edition, demy 8vo, cloth, 151. 

contents : 

The Appointment and Duties of the Town Surveyor— Traffic— Macadamised Roadways- 
Steam Rolhnc— Road Metal and Breakius— Pitched Pavements — Asphalte— Wood Pavements 
— Footpaths — Kerbs and Gutters — Street Naming and Numbering— Street Lighting — Sewer- 
age^Ventilation of Sewers— Disposal of Sewage — House Drainage — Disinfection— Gas and 
Water Companies, etc.. Breaking up Streets — Improvement of Private Streets— Borrowing 
Power^Artizans' and Labourers' Dwellings— Public Conveniences— Scavenging, inducing 
Street Cleansing — Watering and the Removing of Snow — Planting Street Trees — Deposit of 
Plans— Danjrerous Buildings — Hoardings — Obstructions — Improving Street Lines—Cellar 
Openings— 'Public Pleasure Grounds— Cemeteries — Mortuaries — Cattle and Ordinary Markets 
—Public Slaughter-houses, etc.— Giving numerous Forms of Notices, Specifications,- and 
General Information upon these and other subjects of great importance to Municipal £ngi> 
neers and others engaged in Sanitary Work. 

Paints. — Pigments^ Paint and Painting. A 

Practical Book for Practical Men. By George Terry. With illus- 
trationsy crown Svo, cloth, yj. td. 

Paper Manufacture. — A Text-Book of Paper- 
Making. By C. F. Cross and E. J. Bevan. With engravings ^ crown 
Svo, cloth, \2s, 6d, 

Perfumery. — Perfumes and their Preparation^ 

containing complete directions for making Handkerchief Perfumes, 1 
Smelling Salts, Sachets, Fumigating Pastils, Preparations for the care of 
the Skin, the Mouth, the Hair, and other Toilet articles, with a detailed 
description of aromatic substances, their nature, tests of purity, and 
wholesale manufacture. By G. W. ASKINSON, Dr. Chem. With 32 
engravings ^ Svo, cloth, I2j. dd. 

Perspective. — Perspective^ Explained and Illus* 

trated. By G. S. Clarke, Capt R.E. With illustrations^ Svo, cloth, 
Jj. 6d» 

Phonograph. — The Phonograph, and How to Con-- 

struct it. With a Chapter on Sound. By W. GiLLETT. With engravings 
and full working drawings ^ crown Svo, cloth, 5 j. 
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Popular Engineering. — Popular Engineering, 

being interesting and instructive examples in Civile Mechanical, Electrical, 
Chemical, Mining, Military and Naval Engineering, graphically and 
plainly described, and specially written for those about to enter the 
Engineering Profession and the Scientific Amateur, with chapters on 
Perpetual Motion and Engineering Schools and Colleges. By F. Dye. 
Wiih 700 illustrations, crown 4to, cloth, 'js. 6d, 

Plumbing. — Plumbings Drainage, Water Supply 

and Hot Water Fitting. By JOHN Smeaton, C.E., M.S.A., R.P., 
Examiner to the Worshipful Plumbers* Company. Numerous engravings^ 
8vo, cloth, 7j. (>d. 

Pumping Engines. — Practical Handbook on 

Direct-acting Pumping Engine and Steam Pump Construction, By 
Philip R- Bj5rling. With 20 plates, crown 8vo, cloth, 5^. 

Pumps. — A Practical Handbook on Pump Con- 
struction, By Philip R. Bjorling. PlcUes, crown 8vo, cloth, 5^. 

CONTENTS : 
Principle of the action of a Pump — Classification of Pumps — Description of various 
classes of Pumps— Remarks on designing Pumps— Materials Pumps should be made of for 
different kinds of Liquids — Description of various classes of Pump^valves— Materials Pump- 
valves should be made of for different kinds of Liquids — Various Classes of Pumi>-buckets— 
On designing Pump-buckets— Various Classes of Pump-pistons— Cup-leathers — ^Air*vessels — 
Rules and Formulas, &c., &c. 

Pumps. — Pump Details. With 278 illustrations. 

By Philip R. Bjorling, author of a Practical Handbook on Pump 
Construction. Crown 8vo, cloth, 7^. dd. 

contents : 

Windbores— Foot-valves and Strainers— Clack-pieces, Bucket-door-pieces, and H "pieces 
Working-barrels and Plunger*cases — ^Plungers or Rams — Piston and Plunger, Bucket and 
Plunger, Buckets and Valves — Pump-rods and Spears, Spear-rod Guides, &c. — Valve-swords, 
Spindles, and Draw-hooks— Set-oflFs or Off-sets— Pipes, Pipe-joints, and Pipe-stays— Pump- 
^mgs— Guide-rods and Guides, Kites, Yokes, and Connecting-rods— L Bobs, T Bobs, 
Angle or V Bobs, and Balance-beams, Rock-arms, and Fend-off Beams, Cisterns, and Tanks 
—Minor Details. 

Pumps. — Pumps and Pumping Machinery. By 

F. CoLYER, Mem. Inst. C.E., Mem. Inst M.E. Part I., second edition, 
revised and enlarged, with 50 plates, 8vo, cloth, iLZs. 

contents : 

Three-throw Lift and Well Pumps— Tonkin's Patent "Cornbh" Steam Pump— Thome- 
will and Warham*s Steam Pump— Water Valves — Water Meters— Centrifugal Pumping 
Machinery — Airy and Anderson's Spiral Pumps — Blowing Engines— Air Compressors- 
Horizontal High-pressure Engines — Horizontal Compound £n2;ines—Reidler Engine— Ver- 
tical Compound lAimping Engines — Compound Beam Pumping Engines — Shonbeyder's 
Patent Regulator — Cornish Beam Engines — Worthington High'^uty Pumping Engine- 
Davy's Patent Differential Pumping Engine — Tonkin's Patent Pumping Engine— Lancashire 
Boiler— Babcock and Wilcox Water-tube Boilers. 
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Pumps. — PumpSy Historically ^ Theoretically, and 

Practically Considered. By P. R. BjORLlNG. With 156 illustrations. 
Crown 8vo, cloth, 7j. 6^. 

Quantities. — A Complete Set of Contract Documents 

for a Country Lodge, comprising Drawings, Specifications, Dimensions 
(for quantities), Abstracts, Bill of Quantities, Form of Tender and Con- 
tract, with Notes by J. Leaning, printed in facsimile of the original 
documents, on single sheets fcap., in linen case, 5^. 

Quantity Surveying. — Quantity Surveying. By 

J. Leaning. With 42 illustrations. Second edition, revised, crown 8vo, 
cloth, 9J. 

CONTENTS ! 



Schedule of Prices. 
Form of Schedule of Prices. 
Analysis of Schedule of Prices. 
Adjustment of Accounts. 



A complete Explanation of the London 

Prabtlce. 
General Instructions. 
Older of Taking Off. 

Modes of Measurement of the various Trades. I Form of a Bill of Variations. 
Use and Waste. | Remarics on Specifications. 

Ventilation and Wanning, 
Credits, with various Examples of Treatment. 
Abbreviations. 

Squaring the Dimensions. { with Law Reports. 

Abstractug. with Examples in illustration of | Taking Off after the Old Method. 

each Trade. 
Billing. 

Examples of Preambles to eadi Trade. 
Form for a Bill of Quantities. 
Do. Bill of Credits. 
Do. Bill for Alternative Estimate. 



Prices and Valuation of Work, with 

Examples and Remarks upon each Trade. 

The Law as it affects Quantity Surveyors, 



Northern Practice. 

The General Statement of the Methods 
recommended by the Manchester Society 
of Architects for taking Quantities. 

Examples of Collecdons. 

Examples of " Taking Off" in each Trade. 



Restorations and Repairs, and Form of BilL { Remarks on the Past and Present Methods 
Variations before Acceptance of Tender. 1 of Estimating. 

Errors in a Builder's Estimate. | 

Railway Curves. — Tables for Setting out Curves 

for Railways^ Canals^ Roads, etc, varying from a radius of five chains 
to three miles. By A. Kennedy and R, W. Hackwood. Illustrated, 
32mo, cloth, 2x. 6^. 

Roads. — The Maintenance of Macadamised Roads. 

By T. CODRINGTON, M.LC.E., F.G.S., General Superintendent of 
County Roads for South Wales. Second edition, 8vo, cloth, 7^*. dd. 

Scamping Tricks. — Scamping Tricks and Odd 

Knowledge occasionally practised upon Public Works, chronicled from the 
confessions of some old Practitioners. By John Newman, Assoc. M. 
Inst. C.E., author of * Earthwork Slips and Subsidences upon Public 
Works,' * Notes on Concrete,* &c. Crown 8vo, cloth, 2s, 6d, 

Screw Cutting. — Turners Handbook on Screw 

Cutting, Coning, etc., etc, with Tables, Examples, Gauges, and 
Formulae. By Walter Price. Fcap. 8vo, cloth, is. 
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Screw Cutting. — Screw Cutting Tables for En- 
gineers and Machinists, giving the values of the different trains of Wheels 
required to produce Screws of any pitch, calculated by Lord Lindsay. 
Oblong, cloth, 2J. 

Screw Cutting. — Screw Cutting Tables, for the 

use of Mechanical Engineers, showing the proper arrangement of Wheels 
for cutting the Threads of Screws of any required pitch, with a Table for 
making the Universal Gas-pipe Threads and Taps. By W. A. Martin, 
Engineer. Second edition, oblong, cloth, is. 

Slide Valve. — A Treatise on a Practical Method 

of Designing Slide- Valve Gears by Simple Geometrical Construction, based 
upon the principles enunciated in Euclid's Elements, and comprising the 
various forms of Plain Slide- Valve and Expansion Gearing ; together with 
Stephenson's, Grooch's, and Allan's Link-Motions, as applied either to 
reversing or to variable expansion combinations. By Edward J. Cow- 
ling Welch, Mem. Inst. M.E. Crown 8vo, cloth, dr. 

Soap. — A Treatise on the Manufacture of Soap and 

Candles, Lubricants and Glycerine. By W. Lant Carpenter, B.A., 
B.Sc. With illustrations, new edition, revised, crown 8vo, I2J. dd. 

Stair Building. — Practical Stair Building and 

Handrailing by the Square Section and Falling Une System, By W. H. 
Wood. Folding plates, post 4to, cloth, ioj. 6d, 

Steam Boilers. — Steam Boilers^ their Manage- 
ment and Working on land and sea. By James Peattie. With 
illustrations, crown 8vo, cloth, 5^. 

Steam Engine. — A Practical Treatise on the 

Steam Engine, containing Plans and Arrangements of Details for Fixed 

Steam Engines, with Essays on the Principles involved in Design and 

Construction. By Arthur Rigg, Engineer, Member of the Society of 

Engineers and of the Royal Institution of Great Britain. Demy 4to, 

copiously illustrated with woodcuts and 103 plates, in one Volume. 

Second edition, cloth, 25J. 

This work is not, in any sense, an elementary treatise, or history of die steam engine, but 
is intended to describe examples of Fixed Steam £ngines without entering into the wide 
domain of locomotive or marine practice. To this end illustrations will be given of the most 
recent arrangements of Horizontal, Vertical, Beam, Pumping, Winding, Portable, Semi- 

Strtable, Corliss, Allen, Compound, and other similar £ngines, by the most eminent Firms in 
reat Britain and America. The laws relating to the action and precautions to be observed 
in the construction of the various details, such as Cylinders, Pistons, Piston-rods, Connecting- 
rods, Cross-heads, Motion-blocks, Eccentrics, Simple, Expansion, Balanced, and Equilibrium 
Slide-valves, and Valve-gearing will be minutely dealt with. In this connection will be found 
articles upon the Velocity of Reciprocating Parts and the Mode of Applying the Indicator, 
Heat ana Expansion of Steam Governors, and the like. It is the writer's desire to draw 
illustrations from every possil)le source, and give only those rules that present practice deems 
correct. 
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Steam Gngine. — The Steam Engine considered as 

a Thermodynamic Machine^ a treatise on the Thermodynamic efficiency 
of Steam Engines, illustrated by Tables, Diagrams, and Examples from 
Practice. By Jas. H. Cotterill, M.A., F.R.S., Professor of Applied 
Mechaa^ics in the Royal Naval College. Third edition, revised and 
enlai|;ed, 8vo, cloth, 15/. 

Steam Engine. — Steam Engine Management; a 

Treatise on the Working and Management of Steam Boilers. By F. 
COLYKR, M. Inst C.E.y Mem. Inst. M.£. New edition, i8mo, cloth, 
3x. 6d. 

Steam Engine. — A Treatise on Modem Steam 

Engines and Boilers^ including Land, Locomotive and Marine Engines 
and Boilers, for the use of Students. By Frederick Colysr, M. Inst. 
C.E., Mem. Inst M.E. With 2l^ plates. 4to, cloth, 12^. 6d, 

CONTENTS : 

s. Introduction — 9. Original Engines — 3.^ Boilers— 4. Hi^h-Piressare Beam Engines — 5. 
Cornish Beam Engines— 6. Horizontal Engines — 7. Osdllatmg Engines— 8. Vertical High- 
Pressnre EMines— 9. Special Engines— 10. Portable Engines — zx. Locomotive Engines- 
is. Marine Engines. 

Sugar. — A Handbook for Planters and Refiners ; 

being a comprehensive Treatise on the Culture of Sugar-yielding Plants, 
and on the Manufacture, Refining, and Analvsis of Cane, Palm, Maple, 
Melon, Beet, Sorghum, Milk, and Starcn Sugars ; with copious 
Statistics of their Production and Commerce, and a chapter on the 
Distillation of Rum. By C. G. Warnford Lock, F.L.S., &c.; 
B. E. R. Newlands, F.C.S., F.I.C., Mem. Council Soc. Chemical 
Industry ; and J. A. R. Newlands, F.C.S., F.I.C. Upwards of 200 
illustrations and many plateSf 8vo, cloth, i/. lor. 

Surveying. — A Practical Treatise on the Science of 

Land and Engineering Surveyings Levelling, Estimhting Quantities, etc, 
with a general description of the several Instruments required for Sur- 
veying, Levelling, Plotting, etc By H. S. Merrett. Fourth edition, 
revised by G. W. Usill, Assoc. Mem. Inst. C.E. 41 plates, with illus- 
trations and tables, royal 8vo, cloth, izs, 6d, 

Surveying and Levelling. — Surveying and 

Levelling Instruments theoretically and practically described^ for construc- 
tion, qualities, selection, preservation, adjustments, and uses, with other 
apparatus and appliances used by Civil Engineers and Surveyors. By 
W. F. Stanley. Second edition. 350 cuts, crown 8vo, cloth, 7j. 6^. 
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Tables of Logarithms. — A B C Ftve-Figure 

Logarithms for general use. By C. J. Woodward, B.Sc. Containing 
Mantissse of numbers to 10,000. Log. Sines, Tangents, Cotangents, and 
Cosines to 10" of Arc. Together with full explanations and simple 
exercises showing use of the tables. 4^. 

Tables of Squares. — Barlow's Tables of SquareSy 

Cubes^ Square RootSy Cube RootSy Reciprocals of all Integer Numbers up to 
io,ooa Post 8vo, cloth, 6j. 

Telephones. — Telephones^ their Construction ana 

Fitting. By F. C. Allsop. Second edition, revised and enlarged. With 
210 illustrations. Crown 8vo, cloth, 5/. 

Tobacco Cultivation. — Tobacco Growings Curings 

and Manufacturing ; a Handbook for Planters in all parts of the world. 
Edited by C. G. Warnford Lock, F.L.S. With illustrations. Crown 
8vo, cloth, is, ()d. 

Tropical Agriculture. — Tropical Agriculture: a 

Treatise on the Culture, Preparation, Commerce and Consumption of the- 
principal Products of the Vegetable Kingdom. By P. L. Simmonds,. 
F.L.S., F.R.C.I. New edition, revised and enlarged, 8vo, cloth, 7.\s, 

Turning. — The Practice of Hand Turning in Wood,, 

^ Ivory y Shelly etc,y with Instructions for Turning such Work in Metal as- 
may be required in the Practice of Turning in Wood, Ivory, etc. ; also 
an Appendix on Ornamental Turning. (A book for beginners.) By 
Francis Campin. Third edition, with wood engravings, crown 8vo, 
cloth, 3^. 6d, 

Valve Gears. — Treatise on Valve- Gears^ with 

special consideration of the Link-Motions of Locomotive Engines. By 
Dr. GusTAV Zeuner, Professor of Applied Mechanics at the Confede- 
rated Polytechnikum of Zurich. Translated from the Fourth German 
Edition, by Professor J, F. Klein, Lehigh University, Bethlehem, Pa. 
Illustratedy 8vo, cloth, I2x. td. 

Varnish. — The practical Polish and Varnish-Maker ; 

a Treatise containing 750 practical Receipts and Formulae for the Manu- 
facture of Polishes, Lacquers, Varnishes, and Japans of all kinds, for 
workers in Wood and Metal, and directions for using same. By H. C. 
StANDAGE (Practical Chemist), author of *The Artist's Manual of 
Pigments.' Crown 8vo, cloth, 6j. 
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Ventilation. — Health and Comfort in House Build- 
ing i or, Ventilation with Warm Air by Self-acting Suction Power. 
With Review of the Mode of Calculating the Draught in Hot-air Flues, 
and with some Actual Experiments by J. Drysdale, M.D., and J. W. 
Hayward, M.D. With plates and woodcuts. Third edition, with some 
New Sections, and the whole carefully revised, 8vo, cloth, 7^. 6d, 

Warming and Ventilating. — A Practical 

Treatise upon Warming Buildings by Hot Water, and upon Heat and 
Heating Appliances in general ; with an inquiry respecting Ventilation, 
the oause and action of Draughts in Chimneys and Flues, and the laws 
relating to Combustion. By Charles Hood, F.R.S., F.R.A.S., &c 
Re- written by Frederick Dye. 8vo, cloth, 15/. 

Watchwork. — Treatise on Watchwork, Past and 

Present. By the Rev. H. L. Nelthropp, M.A., F.S.A. With 32 
illustrations^ crown 8vo, cloth, 6s. 6d. 

contents : 

Definitions of Words and Tenns used in Watchwork— Toob — ^Time— Historical Sum- 
ma r y On Calculations of the Numbers for Wheels and Pinions ; their Proportional Sizes, 
Trams, etc.^^f Dial Wheels, or Motion Work— Length of Time of Going without Winding 
up — ^The Verge — ^The Horizontal — The Duplex— The Lever — ^The Chronometer—Repeatii^ 
Watches— Keyless Watches— The Pendulum, or Spiral Spring — Compensation — ^Jewelling of 
Pivot Holes— Clerkenwell — Fallacies of the Trade — Incapacity of Workmen— How to Choose 
and Use a Watch, etc. 

Waterworks. — TAe Principles of Waterworks 

Engineering. By J. H. Tudsbery Turner, B.Sc, Hunter Medallist 
of Glasgow University, M. Inst. C.E., and A. W. Brightmore, M.Sc, 
Assoc. M. Inst. C.E. With illustrations^ medium 8vo, cloth, 25^*. 

"Well Sinking. — Well Sinking. The modem prac- 
tice of Sinking and Boring Wells, with geological considerations and 
examples of Wells. By Ernest Spon, Assoc. Mem. Inst. C.E. 
Second edition, revised and enlarged. Crown 8vo, cloth, lor. 6</. 

Wiring. — Incandescent Wiring Hand-Book. By 

F. B. Badt, late 1st Lieut Royal Prussian Artillery. With 41 ilhistra- 
tions and ^ tables. i8mo, cloth,'4J. 6^. 

Wood-working Factories. — On the Arrange- 

ment. Care, and Operation of Wood-working Factories and Machinery, 
forming a complete Operator's Handbook. By J. Richard, Mechanical 
Engineer. Second edition, revised, woodcuts^ crown 8vo, cloth, 5^. 
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8P0N8' DICTIONARY OF ENGINEERING, 

CIVIL, MECHANICAL, KILITAEY, & NAVAL, 



WITH 



Technical Terms in French, German, Italian, and Spanish. 



In 97 numbers, Super-royal 8vo, containing 3132 printed pages and 7414 
engravings. Any number can be had separate : Nos. i to 95 ij. each, 
post free ; Nos. 96, 97, 2j., post free. 



Complete List of 


ALL THE SUBJEC'XS : 






Nos. 




Nos. 


Abacus 


.. I 


Barrage 


8 and 9 


Adhesion .. 


.. I 


Battery 


.. 9 and 10 


Agricultural Engines 


I and 2 


Bell and Bell-hanging 


.. 10 


Air-Chamber 


.. 2 


Belts and Belting.. 


.. 10 and II 


Air- Pump ., 


.. 2 


Bismuth .. 


.. II 


Algebraic Signs . . 


.. 2 


Blast Furnace 


.. II and 12 


Alloy 


.. 2 


Blowing Machine 


.. 12 


Aluminium ' .. 


.. 2 


Body Plan.. 


.. 12 and 13 


Amalgamating Machine .. 


.. 2 


Boilers 


.. I3» 14, 15 


Ambulance 


.. 2 


Bond 


.. 15 and 16 


Anchors 


.. 2 


Bone Mill .. 


.. 16 


Anemometer 


2 and 3 


Boot-making Machinery 


.. 16 


Angular Motion . . 


3 and 4 


Boring and Blasting 


.. 16 to 19 


Angle-iron.. 


.. 3 


Brake 


.. 19 and 20 


Angle of Friction . . 


.• 3 


Bread Machine 


..20 


Animal Charcoal ^lachine 


.. 4 


Brewing Apparatus 


.. 20 and 21 


Antimony, 4; Anvil 


.. 4 


Brick-making Machines 


.. 21 


Aqueduct, 4 ; Arch 


.. 4 


Bridges 


.. 21 to 28 


Archimedean Screw 


.. 4 


Buffer 


.. 28 


Arming Press 


4 and 5 


Cables 


.. 28 and 29 


Armour, 5 ; Arsenic 


•• 5 


Cam, 29; Canal .. 


.. 29 


Artesian Well 


.. 5 


Candles 


. . 29 and 30 


Artillery, 5 and 6 ; Assaying . . 6 


Cement, 30; Chimney 


.. 30 


Atomic Weights .. 


6 and 7 


Coal Cutting and Washing Ma- 


Auger, 7 ; Axles . . 


.. 7 


chinery .. 


.. 31 


Balance, 7 ; Ballast . . . 


.• 7 


Coast Defence 


3i» 32 


Bank Note Machinery .. 


.. 7 


Compasses . . 


.. 32 


Bam Machinery .. 


7 and 8 


Construction 


.. 32 and 33 


Barker's Mill 


.. 8 


Cooler, 34 ; Copper 


.. 34 


Barometer, 8; Barracks .. 


.. 8 


Cork-cutting Machine 


- 34 
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CoiTosk>& •• • 
Cotton Machinery 
Damming .. 
Details <? Engines 
Displacement 



Nos. 
., 34 and 35 

-. 35 

.. 35 to 37 

37, 38 

38 



Distilling Apparatus . . 38 and 39 
Diving and Diving Bells .. 39 

Docks .. .. ..39 and 40 

Drainage 40 and 41 

Drawbridge .. .•41 

Dredging Machine .. ••41 

Dvnamometer .. .. 411043 

Electro-Metallurgy .. 43* 44 

Engines, Varieties .. 44, 45 

Engines, Agricultural .. i and 2 
Engines, Marine .. .. 74, 75 

Engines, Screw .. .. 89* 90 

Engines, Stationary .. 9I1 92 
Escapement .. .. 45* 46 

Fan .. •• .. 4^ 

File-cutting Machine . . . . 46 

Fire-arms •• .. .. 46, 47 

Flax Machinery .. •. 47» 48 

Float Water-wheels .. ..48 

Forging .. .. .. .. 48 

Founding and Casting .. 48 to 50 
Friction, 50 ; Friction, Angle of 3 
Fuel, 50; Furnace .. 50, 51 

Fuze, 51 ; Gas .. .. .. 51 

Gearing 51, 52 

Gearing Belt .. .. 10, 11 

Geodesy .. .. ••52 and 53 

Glass Machinery .. .. ••53 

Gold, 53, 54; Governor.. .. 54 

Gravity, 54 ; Grindstone . . 54 

Gun-carriage, 54 ; Gun Metal . . 54 
Gunnery .. .. 54 to 56 

Gunpowder .. ..56 

Gun Machinery .. .. 56,57 

Hand Tools . . . 57, 58 

Hanger, 58; Harbour .. ..58 

Haulage, 58, 59; Hinging .. 59 
Hydraulics and Hydraulic Ma- 
chinery . . . . . . 59 to 63 

Ice-making Machine . . . . 63 

India-rubber .. .. •.63 

Indicator . . . . . . 63 and 64 

Injector .. .. .. ..64 

Iron .. .. .. 64 to 67 

Iron Ship Building .. ..67 

Irrigation .. .. ..67 and 68 



Nos. 
Isomorphism, 68 ; Joints .. 68 

Keels and Coal Shipping 68 and 69 
Kiln, 69 ; Knitting Machine .. 69 
Kyanising .. .. .. .. 69 

Lamp, Safety .. .. 69, 70 

Lead .. .. .. ,, 'jo 

Lifts, Hoists .. .. 70, 71 

Lights, Buoys, Beacons .. 71 and 72 
Limes, Mortars, and Cements .. 72 
Locks and Lock Gates . . 72, 73 
Locomotive .. .. ..73 

Machine Tools . . . . 73, 74 

Manganese .. .. ..74 

Marine Engine . . . . 74 and 75 

Materials of Construction 75 and 76 
Measuring and Folding . . . . 76 

Mechanical Movements . . 76, 77 
Mercury, 77 ; Metallurgy . , 77 

Meter 77,78 

Metric System .. .. ,.78 

Mills 78, 79 

Molecule, 79 ; Oblique Arch .. 79 
Ores, 79,80; Ovens .. ..80 

Over-shot Water-wheel . . 80, 81 
Paper Machinery . . .. ..81 

Permanent Way .. .. 81,82 

Piles and Pile-driving . . 82 and 83 
Pipes .. .. .. 83, 84 

Planimeter .» ..84 

Pumps .. .. ..84 and 85 

Quanying .. .. .. ..85 

Railway Engineering . . 85 and 86 
Retaining Walls .. .. ,, ^ 

Rivers, 86, 87 ; Riveted Joint .. 87 

Roads 87, 88 

Roofs .. .. .. 88, 89 

Rope-making Machinery .. 89 

Scaflfolding 89 

Screw Engines •• .. 89,90 

Signals, 90; Silver .. 90, 91 

Stationary Engine .. 9i» 92 

Stave-making & Cask Machinery 92 
Steel, 92 ; Sugar Mill . . 92, 93 
Surveying and Surveying Instru- 
ments .. .. .. 93, 94 

Telegraphy .. .. 94, 95 

Testing, 95 ; Turbine .. ..95 

Ventilation .. 95, 96, 97 

Waterworks .. .. 96, 97 

Wood-working Machinery 96, 97 
Zinc 96,97 
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In super-royal 8vo, 1168 pp^ wiih S400 Ulustrationx^ in 3 Divisions, cloth, price Z3X. ^tU 

each ; or 1 vol., doth, 9/. ; or half-morocco, a/. 8f . 

A SUPPLEMENT 

TO 

SPONS' DICTIONARY OF ENGINEERING. 

Edited by ERNEST SPON, Memb. Soc. Engineers. 



Abacus, Counters, Speed 
Indicators, and Slide 
Rule. 

Agricultural Implements 
and Machinery.' 

Air Compressors. 

Animal Charcoal Ma- 
chinery. 

Antimony. 

Axles and Axle-boxes. 

Bam Machinery. 

Belts and Belting. 

Blasting. Boilers. 

Brakes. 

Brick Machinery. 

Bridges. 

Cages for Mines. 

Calculus, Differential and 
Integral. 

Canals. 

Carpentry. 

Cast Iron. 

Cement, Concrete, 
limes, and Mortar. 

Chimney Shafts. 

Coal Cleansing and 
Washing. 



Coal Mining. 

Coal Cutting Machines. 

Coke Ovens. Copper. 

Docks. Drainage. 

Dredging Machinery. 

Dynamo - Electric and 
Magneto-Electric Ma- 
chines. 

Dynamometers. 

Electrical Engineering, 
Telegraphy, Electric 
Lighting and its prac- 
tical details,Telephones 

Engines, Varieties of. 

Explosives. Fans. 

Founding, Moulding and 
the practical work of 
the Foundry. 

Gas, Manufacture of. 

Hammers, Steam and 
other Power, 

Heat. Horse Power. 

Hydraulics. 

Hydro-geology. 

Indicators. Iron. 

lifts, Hoists, and Eleva- 
tors. 



Lighthouses, Buoys, and 
Beacons. 

Machine Tools. 

Materials of Construc- 
tion. 

Meters. 

Ores, Machinery and 
Processes employed to 
Dress. 

Piers. 

Pile Driving. 

Pneumatic Transmis- 
sion. 

Pumps. 

Pyrometers. 

Road Locomotives. 

Rock Drills. 

Rolling Stock. 

Sanitary Engineering. 

Shafting. 

Steel. 

Steam Navvy. 

Stone Machinery. 

Tramways. 

Well Sinking. 
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In demy 4to, handsomely bound in doth, illustrated with 220 full page plates. 

Price 15J. 



ARCHITECTURAL EXAMPLES 

IN BRICK, STONE, WOOD, AND IRON. 

A COMPLETE WORK ON THE DETAILS AND ARRANGEMENT 
OF BUILDINa CONSTRUCTION AND DESIGN. 

By WILLIAM FULLERTON, Architect. 

Containing aao Plates, with numerous Drawings selected from the Architecture 

of Former and Present Times. 

The Details and Designs are Drawn to Scale^ J", J", J", and Full sixe 

being chiefly used. 



The Plates are arranged in Two Parts. The First Part contains 
Details of Work in the four principal Building materials, the following 
being a few of the subjects in this Part : — ^Various forms of Doors and 
Windows, Wood and Iron Roofs, Half Timber Work, Porches, 
Towers, Spires, Belfries, Flying Buttresses, Groining, Carving, Church 
Fittings, Constructive and Ornamental Iron Work, Classic and Gothic 
Molds and Ornament, Foliation Natural and Conventional, Stained 
Glass, Coloured Decoration, a Section to Scaje of the Great Pyramid, 
Grecian and Roman Work, Continental and English Gothic, Pile 
Foundations, Chimney Shafts according to the regulations of the 
London County Council, Board Schools. The Second Part consists 
of Drawings of Plans and Elevations of Buildings, arranged imder the 
following heads : — ^Workmen's Cottages and Dwellings, Cottage Resi- 
dences and Dwelling Houses, Shops, Factories, Warehouses, Schools, 
Chiu"ches and Chapels, Public Buildings, Hotels and Taverns, and 
Buildings of a general character. 

All the Plates are accompanied with particulars of the Work, with 
Explanatory Notes and Dimensions of the various parts. 



Spatmea Fagrs, Ttdund/rom Iht erigiKals, 
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IViiJk marly 1500 illtulrations, in super-royal 8vo, in 5 Divisions, cloth. 
Divisions l to 4, 13/. 6d, each ; Division 5, 17/. 6</. ; or 2 vols., cloth, £'^ ioj. 

SPONS' ENCYCLOPAEDIA 



OPTHK 



INDUSTRIAL ARTS, MANUFACTURES, AND COMMERCIAL 

PRODUCTS. 

Edited by C. G. WARNFORD LOCK, F.L.S. 

Among the more important of the subjects treated of, are the 
following :— 



Adds, 207 pp. 220 figs. 
Alcohol, 23 pp. 16 figs. 
Alcoholic Liquors, i% pp. 
Alkalies, 89 pp. 78 ngs. 
Alloys. Alum. 

Asphalt Assaying. 
Beverages, 89 pp. 29 figs. 
Blacks. 

Bleaching Powder, 15 pp. 
Bleaching, 51 pp. 48 ngs. 
Candles, 18 pp. 9 figs. 
Carbon Bisulphide. 
Celluloid, 9 pp. 
Cements. Clay. 
Coal-tar Products, 44 pp. 

14 figs. 
Cocoa, 8 pp. 
Coffee, 32 pp. 13 figs. 
Cork, 8 pp. 17 figs. 
Cotton Manufactures, 62 

pp. 57 figs. 
Drugs, 38 pp. 
Dyeing and Calico 

Printing, 28 pp. 9 figs. 
Dyestuffs, 16 pp. 
Electro-Metallurgy, 13 

pp. 
Explosives, 22 pp. 33 figs. 
Feathers. 
Fibrous Substances, 92 

pp. 79 figs. 
Floor-cloth, 16 pp. 21 

figs. 
Food Preservation, 8 pp. 
Fruit, 8 pp. 



Fur, 5 pp. 

Gas, Coal, 8 pp. 

Gems. 

Glass, 45 pp. 77 figs. 

Graphite, 7 pp. 

Hair, 7 pp. 

Hair Manufactures. 

Hats, 26 pp. 26 figs. 

Honey. Hops. 

Horn. 

Ice, 10 pp. 14 figs. 

Indiarubber Manufac- 
tures, 23 pp. 17 figs. 

Ink, 17 pp. 

Ivory. 

Jute Manufactures, 1 1 
pp., II figs. 

Knitted Fabrics — 
Hosiery, 15 pp. 13 figs. 

Lace, 13 pp. 9 figs. 

Leather, 28 pp. 31 figs. 

Linen Manufactures, 16 
pp. 6 figs. 

Manures, 21 pp. 30 figs. 

Matches, 17 pp. 38 figs. 

Mordants, 13 pp. 

Narcotics, 47 pp. 

Nuts, 10 pp. 

Oils and Fatty Sub- 
stances, 125 pp. 

Paint. 

Paper, 26 pp. 23 figs. 

Paraffin, 8 pp. 6 figs. 

Pearl and Coral, 8 pp. 

Perfumes, 10 pp. 



Photography, 13 pp. 20 

figs. 
Pigments, 9 pp. 6 figs. 
Pottery, 46 pp. 57 figs. 
Printing and Engraving, 

20 pp. 8 figs. 
Rags. 
Resinous and Gummy 

Substances, 75 pp. 16 

figs. 
Rope, 16 pp. 17 figs. 
Salt, 31 pp. 23 figs. 
Silk, 8 pp. 
Silk Manufactures, 9 pp. 

II figs. 
Skins, 5 pp. 
Small Wares, 4 pp. 
Soap and Glycerine, 39 

pp. 45 figs. 
Spices, 16 pp. 
Sponge, 5 pp. 
Starch, 9 pp. 10 figs. 
Sugar, 15s pp. 134 

figs. 
Sulphur. 
Tannin, 18 pp. 
Tea, 12 pp. 
Timber, 13 pp. 
Varnish, 15 pp. 
Vinegar, 5 pp. 
Wax, 5 pp. 
Wool, 2 pp. 
Woollen Manufactures, 

58 pp. 39 figs. 
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JUST PUBLISHED, SECOND EDITION. 
Crown 8vo, cloth, with illustrations, 5^. 

WORKSHOP RECEIPTS, 

FIRST SERIES. 



Synopsis of Contents. 

Freezing. 

Fulminates. 

Furniture Creams, Oils, 
Polishes, Lacquers, 
and Pastes. 

Gilding. 

Glass Cutting, Cleaning, 
Frosting, Drilling, 
Darkemng, Bending, 
Staining, and Paint- 
ing. 

Glass Making. 

Glues. 

Gold. 

Graining. 

Gums. 

Gun Cotton. 

Gunpowder. 

Horn Working. 

Indianibber. 

Japans, Japanning, and 
kindred processes. 

Lacquers. 

Lathing. 

Lubricants. 

Marble Working. 

Matches. 

Mortars. 

Nitro-Glycerine. 

Oils. 



Bookbinding. 

Bronzes and Bronzing. 

Candles. 

Cement. 

Cleaning. 

Colourwashing. 

Concretes. 

Dipping Acids. 

Drawing Office Details. 

Drying Oik. 

Dynamite. 

Electro - Metallurgy — 

(Cleaning, Dipping, 

Scratch'brushing, Bat- 
teries, Baths, and 

Deposits of every 

description). 
Enamels. 
Engraving on Wood, 

Copper, Grold, Silver, 

Steel, and Stone. 
Etching and Aqua Tint. 
Firework Making — 

(Rockets, Stars, Rains, 

Gerbes, Jets, Tour- 
billons, Candles, Fires, 

Lances,Lights, Wheels, 

Fire-balloons, and 

minor Fireworks). 
Fluxes. 
Fotmdry Mixtures. 

Besides Receipts relating to the lesser Technological matters and processes, 
such as the manufacture and use of Stencil Plates, Blacking, Crayons, Paste, 
Putty, Wax, Size, Alloys, Catgut, Tunbridge Ware, Picture Frame and 
Architectural Mouldings, Compos, Cameos, and others too numerous to 
mention. 



Paper. 

Paper Hanging. 

Painting in Oils, in Water 
Colours, as well as 
Fresco, House, Trans- 
parency, Sign, and 
Carriage Painting. 

Photography. 

Plastering. 

Polishes. 

Pottery — (Clays, Bodies, 
Glazes, Colours, Oils, 
Stains, Fluxes, Ena- 
mels, and Lustres). 

Scouring. 

Silvering. 

Soap. 

Solders. 

Tanning. 

Taxidermy. 

Tempering Metals. 

Treating Horn, Mother- 
o'-pearl, and like sub- 
stances. 

Varnishes, Manufacture 
and Use of. 

Veneering. 

Washing. 

Waterproofing. • 

Welding. 
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Crown 8vo, doth, 485 pages, with illustrations, 5/. 



WORKSHOP RECEIPTS, 



SECOND SERIES. 



Synopsis of Contents, 



Addimetry and Alkali- 
metry. 
Albumen, 
Alcohol. 
Alkaloids. 
Baking-powders. 
Bitters. 
Bleaching. 
Boiler Incrustations. 
Cements and Lutes. 
Cleansing. 
Confectioneiy. 
Copying. 



Disinfectants. 

Dyeing, Staining, and 
Colouring. 

Essences. 

Extracts. 

Fireproofing. 
i Gelatine, Glue, and Size. 
I Glycerine. 

Gut 

Hydrogen peroxide. 

Ink. 

Iodine. 



Iodoform. 

Isinglass. 

Ivory substitutes. 

Leather. 

Luminous bodies. 

Magnesia. 

Matches. 

Paper. 

Parchment. 

Perchloric acid. 

Potassium oxalate. 

Preserving. 



Pigments, Paint, and Painting: embracing the preparation of 
Pigments^ induding alumina lakes, blacks (animal, bone, Frankfort, ivory, 
lamp, sight, soot), blues (antimony, Antwerp, cobalt, cseruleum, Egyptian, 
manganate, Paris, P^ligot, Prussian, smalt, ultramarine), browns (bistre, 
hinau, sepia, sienna, umber, Vandyke), greens (baryta, Brighton, Brunswick, 
chrome, cobalt, Douglas, emerald, manganese, mitis, mountain, Prussian, 
sap, Schede*s, Schweinfurth, titanium, verdigris, zinc), reds (Brazilwood lake, 
carminated lake, carmine, Cassius purple, cobalt pink, cochineal lake, colco> 
thar, Indian red, madder lake, red chalk, red lead, vermilion), whites (alum, 
baryta, Chinese, lead sulphate, white lead — by American, Dutch, French, 
German, Kremnitz, and Pattinson processes, precautions in making, and 
composition of commercial samples — whiting, "Wilkinson's white, zinc white), 
yellows (chrome, gamboge, Naples, orpiment, realgar, ydlow lakes) ; Paint 
(vehides, testing oils, obiers, grinding, storing, applying, priming, drying, 
filling, coats, brushes, surface, water-colours, removing smeU, discoloration ; 
miscellaneous paints — cement paint for carton-pierre, copper paint, gold paint, 
iron paint, lime paints, silicated paints, steatite paint, transparent paints, 
tungsten paints, window paint, zinc paints) ; Painting (general instructions, 
proportions of ingredients, measuring paint work ; carriage painting — priming 
paint, best putty, finishing colour, cause of cracking, mixing the paints, oils, 
driers, and colours, vamis&ng, importance of washing vehides, re-varnishing, 
how to dry paint ; woodwork painting). 



PUBLISHED BY K & F. N. SPON. 



29 



Crown 8vo, cloth, 480 pages, with 183 illustrations, 5i. 



WORKSHOP RECEIPTS. 



THIRD SERIES. 



Uniform with the First and Second Series. 



Synopsis of Contents, 



Rubidium. 

Ruthenium, 

Selenium. 

Silver. 

Slag. 

Sodium. 

Strontium. 

Tantalum. 

Terbium. 

Thallium. 

Thorium. 

Tin. 

Titanium. 

Tungsten. 

Uranium. 

Vanadium. 

Yttrium. 

Zinc. 

Zirconium. 



Elecirics.-^Alarms, Bells, Batteries. Carbons, Coils, Dynamos, Micro- 
phones, Measunng, Phonographs, Telephones, &c., 130 pp., 112 illustraiions. 



Alloys. 


Iridium. 


Aluminium. 


Iron and Steel. 


Antimony. 


Lacquers and Lacquering. 


Barium. 


Lanthanum. 


Beryllium. 


Lead. 


Bismuth. 


Lithium. 


Cadmium. 


Lubricants. 


Caesium. 


Magnesium. 


Calcium. 


Manganese. 


Cerium. 


Mercury. 


Chromium. 


Mica. 


Cobalt. 


Molybdenum. 


Copper. 


Nickel 


Didymium. 


Niobium. 


Enamels and Glazes. 


Osmium. 


Erbium. 


Palladium. 


Gallium. 


Platinum. 


Glass. 


Potassium. 


Gold. 


Rhodium. 


Indium. 





30 CATALOGUE OF SCIENTIFIC BOOKS 



WORKSHOP RECEIPTS. 

FOURTH SERIES, 

DEVOTED VAINLY TO HANDICRAFTS & MECHANICAL SUBJECTS. 

850 niutratioiii, witk Complete Index, and a General Index to the 

7our Seriei, 6i. 



Waterproofing — rubber goods, cuprammonium processes, miscellaneous 
preparations. 

Packing and Storing articles of delicate odour or colour, of a deliquescent 
chancter, liable to ignition, apt to suffer from insects or damp, or easily 
broken. 

Embalming and Preserving anatomical specimens. 

Leather Polishes: 

Cooling Air and Water, producing low temperatures, making ice, cooling 
syrups and solutions, and separating salts from liquors by refrigeration. 

Pumps and Siphons, embracing every useful contrivance for raising and 
supplying water on a moderate scale, and moving corrosive, tenacious, 
and other liquids. 

Desiccating — air- and water-ovens, and other appliances for drying natural 
and artificial products. 

Distilling — water, tinctures, extracts, pharmaceutical preparations, essences, 
perfumes, and alcoholic liquids. 

Emulsifying as required by pharmacists and photographers. 

Evaporating — saline and other solutions, and liquids demanding special 

precautions. 
Filtering — ^wa^ter, and solutions of various kinds. 
Percolating and Macerating. 
Electro typing. 

Stereotyping by both plaster and paper processes. 
Bookbinding in all its details. 
Straw Plaiting and the fabrication of baskets, matting, etc. 

Musical Instruments — ^the preservation, tuning, and r^air of pianos, 
harmoniums, musical boxes, etc 

Clock and Watch Mending — adapted for intelligent amateurs. 

Photography — ^recent development in rapid processes, handy apparatus, 

numerous recipes for sensitizing and developing solutions, and appUca- 

tions to modem illustrative purposes. 
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Crown 8vo, cloth, with 373 illustrations, price 5j, 

WORKSHOP kECEIPTS, 



FIFTH SERIES. 



Containing many new Articles, as well as additions to Articles included in 

the previous Series, as follows, viz. :-^ 



Anemometers. 

Barometers, How to make. 

Boat Building^. 

Camera Lncida, How to use. 

Cements and Lutes. 

Cooling. 

Copying. 

Corrosion and Protection of Metal 
Surfaces. 

Dendrometer, How to use. 

Desiccating. 

Diamond Cutting and Polishing. Elec- 
trics. New Chemical Batteries, Bells, 
Commutators, Galvanometers, Cost 
of Electric Lighting, Microphones, 
Simple Motors, Phonogram and 
Graphophone, Registering Appa- 
ratus, Regulators, Electric Welding 
and Apparatus, Transformers. 

Evaporating. 

explosives. 

Filtering. 

Fireproofing, Buildings, Textile Fa- 
brics. 

Fire-extinguishing Compounds and 
Apparatus. 

Glass Manipulating. Drilling, Cut- 
ting, Breaking, Etching, Frosting, 
Powdering, &c. 



Glass Manipulations for Laboratory 

Apparatus. 
Labels. Lacquers. 
Illuminating Agents. 
Inks. Writing, Copying, Invisible, 

Marking, Stamping. 
Magic Lanterns, their management 

and preparation of slides. 
Metal Work. Casting Ornamental 

Metal Work, Copper Welding, 

Enamels for Iron and other Metals, 

Gold Beating, Smiths* Work. 
Modelling and Plaster Casting. 
Netting. 

Packing and Storing. Acids, &c. 
Percolation. 
Preserving Books. 
Preserving Food, Plants, &c. 
Pumps and Syphons for various 

liquids. 
Repairing Books. 
Rope Tackle. 
Stereotyping, 
Taps, Various. 
Tolaacco Pipe Manufacture. 
Tying and Splicing Ropes. 
Velocipedes, Repairing. 
Walking Sticks. 
Waterproofing. 



